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PREFACE 


The increasing importance of studying transient phenomena in 
electrical transmission and machinery is responsible for the 
present interest in Heavisidt^'s operational mathematics. The 
author has been dc'inonstrating Heavisidc^’s methods for several 
y(‘ars and has invariably found great interest on the part of 
students. At first, a course was given to Graduate studepts only, 
later to Senior (dectrical engineers, and within the last few years 
to Juniors. Experiemee indicates tliat after Juniors have become 
familiar witla the physical aspects r)f self-inductance, capacitance, 
and mutual inductance, they can advant agc'ously be introduced 
to Heavisidc'^s work and 1 k‘ shown that the very important 
repn^sentation of vectors by complex numlxTs is only a special 
case of Heaviside’s operational solution. 

The greater part of Heaviside’s work is to be found in his three 
volumes on ^‘Electromagnetic Theory” and in two volumes of 
his EleAiirical Papers, 

The first volume of ''Electromagnetic Theory” deals largely 
with vector analysis. This phase of his work is easily under- 
stood and will not be discussed hero, as a knowledge of vector 
analysis is not necessary in order to understand his operational 
mathematics, introduced in the second volume. There, unfor- 
tunately, h(' plunges into problems leading to fractional integra- 
tion and diflferontiation, which necessitate the most cautious 
use of the operational method. Indeed, he begins by .practically 
admitting that certain of his mathematical transformations are 
not so evident as t,hey seem and that great caution must Iro 
exercised. These and similar reservations do not encourage thc^ 
study of his work. Again, when he introduces the important 
expansion theorem, he apparently considers it too self-evident 
to require a proof. It is unfortunate that he did not devote a 
few pages to discussing his unit function, the foundation of his 
whole structure. It would be highly interesting and instructive^ 
to learn just how he arrived at his method. Afterthought is 
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much easier than forethought, and it is now possible to see 
several ways by which he may have arrived at his result. 

Since the present book deals only with a very limited field of 
Heaviside's work — the application of his operational calculus — 
and since his pioneer work in other directions is just as important 
and, in some respects, more so, it has seemed desirable to include 
in an appendix a most interesting summary of Heaviside's 
work, as well as something about his personality, pul)lished by 
Mr. B. A. Behrend in the Electric Journal for January and 
February, 1928. 

I am greatly indebted to Mr. Behn'nd for the use of this 
article, to Mr. S. J. Haefner, who has written Chap. XXVIII, 
dealing with the solution of transcendental (M|uations frequently 
occurring in the book, and to Dr. J. J. Smith and Mr. S. J. 
Haefner for valual)Ie suggestions in tlie preparation of the book. 
I am also indebted to Dr. F. W. Grover for assistance^ in proof 
reading and to Mr. John R. Carson, and Dr. Vannevar Bush 
who have kindly permitted me to refer to the bibliographies 
which they have compiled.' 

A great part of this present book has appeared in a series of 
articles printed in the General Electric Review^ beginning with 
the number for December, 1927, and ending with that for 
September, 1928. I am indebted to the editor of the Review, 
Mr. E. C. Sanders, for his personal interest in these articles and 
for permission to have them reprinted in book form. Last but 
not least I am indebted to Dr. Harry E. Clifford of Harvard 
Unvorsity who has been of great help in editing the book. 

E. J. B. 

Schenectady, N. Y. 

July, 1929. 

1 Cabson. “Electric Circuit Theory and the Operational Calculus.’' 
McGraw-Hill Book Company, Inc. 

Bush. “Operational Circuit Analysis.” John Wiley and Son Inc. 
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BRIEF PERSONAL SKETCH OF 
OLIVER HEAVISIDE 


Oliver Heaviside was born in London on May 13, 1850, and 
died at Torquay on Feb. 3, 1925. His death was unexpected 
and was probably the indirect result of a fall from a ladder in 
November, 1924. For many years he lived alone, apparently 
quite isolated from family and friends, his principal contact with 
the world being through his “Bobby” — a policeman who 
bought and delivered his supplies. 

At the time of his death he was a strikingly handsome old man 
with snow-white beard and hair, keen, friendly eyes, and delicate 
hands. He was of medium height with only a slight suggestion 
of stooping. Although his hearing was defective, he was far 
from deaf, and it was not difficult to converse with him. His 
eyesight was remarkable; ho read with ease the smallest print. 
But his general health was not good, and this he attributed largely 
to suffering from lack of heat and proper food during the World 
War. Nevertheless, he rarely complained. He was an optimist 
and counted on living to a very old age. 

He was exceedingly kind and generous and exceptionally 
gracious in his manner. When once privileged to know him — 
and the author was fortunate enough to spend several days 
with him — one could not help loving him. His home — on top 
of a hill — overlooked the bay at Torquay, and it would be diffi- 
cult to find a more beautiful view in any country. Heaviside 
admired it and often referred to it in conversation. He had the 
soul of an artist; and he was indeed an artist, though he never 
applied himself to painting. His father had had considerable 
talent, to judge by an oil painting of little Oliver climbing a fence 
in a pasture. 

Living alone, it was natural that Heaviside’s home should 
not be so well kept up as it might have been. Yet considering 
the circumstances, it was really remarkably clean. The win- 
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dows were immaculate. I noticed upon my second and sul>- 
sequent visits that he had put newspapers over the stair carpets. 
Evidently it was less work to spread the papers than to wipe off 
the dust that I might have brought in. 

It was apparent that he took pride in his personal appearanc(', 
for while his suit may not have Ix'en of the latest cut, it was 
always spotless. He might well have served as nuxkil of the 
gentleman scholar of the olden days. 

While Heavisi(l(‘’s chief concern was along scientific liiuis and 
he has been ranked with Newton, Archimedes, Kelvin, and Fara- 
day, he was a man of many other interests as well. He was 
very well versed in literature and delighted in quoting Shakes- 
peare and Shaw. Th(^ walls of his study were covered with 
pictures of famous men in all fields, and he took delight in speaking 
of them. 

Little is known of his history, as he was exceedingly reluctant 
to speak about himself and had evidently requested his brotlxT, 
who also lived in Torquay and whom he survived by only a few 
weeks, not to jnake public any facts about his career. To the 
author, however, scheduled for another visit in June, 1925, he 
had promised not only a photograph but also sonu^ details of 
his lif(', and he would have kept his word; he referred in several 
letters to the expected visit. 

He was a prolific writer of letters as well as of scientific articles. 
His penmanship was exceptional, and his letters were not only 
highly inten'sting but also artistically beautiful. He made his 
own pen and ink, because ‘‘with any commercial pen, the ink 
will not flow uniformly.’^ 

In a tribute to Heaviside in Annalcs des postes, telegrapbes 
et Telephones j June, 1925, Bethenod gives a very interesting 
sketch of his contributions to science as well as some facts about 
his life. From this and other sources^ it appears that he was 
connected until 1874 with the Great Northern Telegraph Com- 
pany at Newcastle upon Tyne. He was a nephew of the famous 

1 Tributes by Sir Oliver Lodge and B. A. Behrcnd, EUc, World, Feb. 21, 
1925. Lodge, Sir Oliver, Electrician, Vol. XCIV, p. 174. Russell, 
Dr. Alexander, Nature, Vol. 115, p. 237. Gill, F., Bell System Tech. 
Jour., July, 1925. Bbhrend, B. A., Elec. Jour., January and February, 
1928. 
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telegraph engineer Sir C'harles WlH'atstone anti probably was 
influenced by him in choosing his career. 

He had at least a fair elementary school education. In mathe- 
matics he studied algebra and trigonometry in school but 
apparently nothing beyond. He made some contributions to 
electrical lit<*rature at twenty and began his own serious mathe- 
matical preparation in 1873, when he decided to learn to read 
Maxwell’s “Electromagnetic Theory.’’ He practically ceased 
his scientifi^c work in 1912 at the age of sixty-two. 




HEAVISIDE’S 

( )P E II ATI ON AT . ( A LC I T A S 

AS APPLIED TO ENGINEERINCi 
AND PHYSICS 

f'HAPTIOR I 

HEAVISIDE'S “UNIT FUNCTION” AND THE ALGEBRAIC 
NATURE OF HIS OPERATIONS 

Heavisulo’s three volumes on electromagnetic theory are a 
compilation of papers and articles covering a period from 1891 to 
1912, during which time it seems that he was interested in almost 
every phase of physics and mathematics. 

A very large part of this work is devoted to electrical phenom- 
ena and, more particularly, to the calculations, by operational 
methods, of disturbances in electrical networks. Maxwell had 
already given a most comprehensive theory of almost anything 
that could happen in electrical systems, but his mathematics, 
which was conventional mathematics, was applicable only with 
the greatest difficulty to many practical problems. The task, 
therefore, that Heaviside set himself was to evolve some new 
point of view which would simplify the treatment without impair- 
ing the accuracy attained. This he succeeded in doing admirably 
by the introduction of his operational solution and the expansion 
theorem. 

The particular physical problems that he studied led to linear 
differential equations with constant coefficients and certain types 
of partial differential equations. In particular, he studied the 
behavior of systems initially at rest to which forces or impulses 
were suddenly applied at f = 0. 

I 
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Prior to H(‘iivisi(l(*’s tlio usi* of oiK'nitors was well cstah- 

IisIkhI. For t‘xainpl(‘, it was customary to write the solution of a 
differential <»(iuation, such as 


ill 


— (uj == /(/) as // = 



/(/) 


where I) indicat e<l th(‘ operation d dt 

'Fhe solution of this e(iuation is, of course, 

It = Tt"' + 

(.V" being the complementary function and the second term th(‘ 
particular integral. The first term is independcuit of /(/) and 
d(‘pends upon the terminal conditions only. Th<' second reciuires 
integration, often very laborious, especially in tiie case of differ- 
ential eciuations of higher order, such as appear in systems 
having a large number of degrees of frcH^lom or in sysbuns involv- 
ing “distributed’’ constants. 

Heaviside found that if the applied force was zero up to time 
/ = 0 and then suddenly rose to unity and remained at unity 
from then on, great simplifications resulted and solutions could 

be obtained even for tin* most eom- 
■ plicated cases liy means of simiile 
algeliraic operations. 

He called the particular force or 
e m.f. discussed above the unit force 
or <Mn f. and designatc'd it by 1. 
Its shape is shown in heavy lines in Fig. 1. Thus, if F represents 
the force acting on a system, FI represents a force which is zero 
up to / == 0 and has a constant value F after ^ == 0. Thus, FI 
tells a great deal about the nature of the force. 

Perhaps it is well to illustrate the distinction between F and FI 
by an example, using first the classical method ami then the 
method of Heaviside. If a steady e.m.f. E is applied to an induc- 
tive circuit at i = 0, the current can be found by solving the 
following differential equation: 




■P ^ ^ I 

P >, 

Fuj. I 


E = //• + rJ 


di 

dt 


(n 


subject to llic condition that 

i = 0 when I = 0 
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Incidentally, it requires some understandiiij? of electric circuits 
to know that the current in this case is zero when i = 0. 
Heaviside would write 

A / = ir “h A , 


In this equation, it is implied that the disturbance in the system 
h(*{]jins at / = 0 and lateT is eaus(‘d hy a st(‘ady voltage K. 

His ecpiation tells the whole story. If properly us(‘d, ther(‘ 
should be no ru^d for d(‘tenniiimg tlie intc^gratioii constant or 
for any knowledg(i about tlie particular reason why tlu' current, 
must be z('ro when t = 0. 

It will be evident later that there is an advantage in introducing 
the symbol p for the <)j)erat(>r fl As a mattc^r of fact, the 
operator p does all that d dl can do and inor(\ Introducing p 
in the ecjuation given aliovc^, we get 

K1 = ir + Lpi = i(r + pL) 
and solving this we get 

i = f J (2) 

r + pL 

Of course, this last equation tidls nothing unless w^e find its 
interpretation as a function of /. 

II(»aviside succt'eded in doing this, and whil(‘ he do(‘s not stat(‘ 
just how it was don<‘, the development was most lik(dy that 
shown below. Referring to equation (1) 
dl 1 . 

rfl - 


i “ 7 ^ lo 


If this value of ? is sulistituted under the int(*gral sign, we g(*l 
as a first approximation 

Continued substitutions will give 


-^ 7 / _ ^ 

L\ L':2 


=* r’- C 
2 L2 3 


+ an integral 
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The power series in t is converging so that in the limit the integral 
can be neglected. 

Now refer to (2) and perform an ordinary division in such a 
way that the p’s appear in the denominators: Then 


El (1 \ 1- \ _ 

r + pL L \j) L p* V' J 

C'ompariiig (3) and (4), it is seem that tlu\y an* the same if 


( 4 ) 


This relation is given by Heaviside in his ^‘Electromagnetic 
Theory,” Vol. II, page 130. 

It may be said that this is well and good for this particular 
case. But does it work with differential (‘(juations of higher 
order? It can readily be shown that the same relation obtains 
in all cases. It is always possible* to get the solution in t of an 
operational equation by '^algebrizing” it by division and using 
the relation given in equation (o). The solution is in the form 
of an infinite series, which, at times, is unfortunate. It will 
later be shown that by using the expansion theorem another 
type of solution is obtained 

Figure 1 is a chart of the ujnt fimction 1, Not(* that 
y = 0 when t < 0 
1 = 1 when t > 0 

and 

1 has all values between zero and 1 at < = 0 


Let us now differentiate the unit function. 
It is seen that 


p/ == 0 when i < 0 
pi == 0 when t > 0 

and in operational calculus 

pi has all values from zero to infinity at f = 0. 


Before we consider the significance of 
equation (fi) as follows: 



it is well to rewrite 


1 

p" 




n 


1 


(6) 
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This is a more complete statement, although not used explicitly 
by Heaviside. <”/|n is really multiplied by i because we have 
assumed that the event begins at < = 0 and the / wipes out 
everything l)eforo < = 0. For h = 1 , 



Thus, 


^4 should bo numerically equal to t1. 
V 


1 

V 



idt 


This is satisfied if 
(7) 


where the integral means the shaded area in Fig. 1 and 
IS numerically equal to t. Indecnl, we might have written 

Idt because nothing is contributed to the integral 


r 

V J-. 


up to a time ever so near t - 0. The relation could also have^ 

Idtf the lower limit being ever so 


been written 


l> Jo-, 


little to the left t)f / = 0, so as to be sure to include the vertical 
part of the unit function. 

This refinement is, however, not necessary as long as we 

idt, the low'or limit is 


realize that when we define b as 

P 


X 


< = 0 — € as c approaches zero. 

In all work 'involving Heaviside^ s o'peratorfi, it should he remem- 
bered that we always operate on the unit function and that, as a 
result, the function of t which is obtained from the operational 
solution is actually inultiplied by the unit function. 

Under this condition, differentiation and integration are inverse 
processes. One cancels the other. Thus, 


p(b)= \{pi) = i 

The two operations always cancel each other, as will be seen 
presently. In other words, we shall show that 


. mi 


( 8 ) 
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also, 

]\vfm= (9) 

P Jo 

whereas 

and 

= /(/) - m 

In other words, when t he unit function is not. involved, the two 
processes arc not always inverse processes. This interesting 
relation and many other considerations regarding the property 
of the unit function are dealt with in a papt'r by Dr. J. J. Smith.' 
For the .sake of generality, let the unit function lx* represented 
by H(t) in equations (8) and (9). Then (8) becomes 

dt 

and (9) becoiiios 

f imiKOdt = + ('fion'iDdi = f(i)mi) 

Jo Jo Jo 0 

- rmrr(t)(U+ r/(/)//'(/)d/ =/(/,//(0 -/(o)//(o)(ii) 

Jo Jo 

If, now, //(/) is tho unit function wo 

equation (10) = f{t)i 

and 

equation (11) = fit)i — f(0)lQ 

The question is, what is the unit function at / = 0? It has, 
according to our definition, all values between zero and unity. 
We can evaluate equation (11) by changing the lower limit 
of integration, shifting it ever so little to the left so as to 
take in the entire unit function. If the lower limit be it = 0 — e, 
equation (11) becomes — /(O — €)H(fl — e). But as 

the unit function is zero ever so little to the left of the origin, we 
conclude that/(0)yo is zero and, hence, that equations (10) and 
(11) are the same. 

^Franhlm fnst. Proc., October, November, and December, 1925. 
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If f(i) = 1, it follows from equations (8) and (9) that 


JiK^idoii tally, it is evident from this that 1/p is ( as e 

Jo * 

approaches zero, or, if w(‘ prefer, we could also define' 1 p as 
and get the same rc'sult.. We prefer to dc'fine it as / ’ since in 

Jo 

our problems w(' are dealing with positive values of t only. 

After this discussion of the gem'ral properties of the unit 
function, it may b(‘ well to revert to the original problem, which 
was to find the curn'iit in an inductive circuit when an c.m.f. 
is applied. 

The op('rational solution was shown to be 


E .E 1 
^ r + pE Ij p + a ’ 


where 


Expanding by the binomial theorem, 


K/i 


«" 

])■' 


al- , 

aH< 


- |2 + 

3“ 

E ( 


, a' 

r—l 

at — 


Lay 

> 

|2 


> 

■} 


Wc note that the operator 
1 


- y = (I — €~“0y 

p + a a' 


An operator of much interest is 
p + a \ p I \ 


'1* V 

12 / 

= «-“'/ ( 13 ) 
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At this point, one may be and probably is curious to know why 
in these cases the “algebrizing'* by division, as Heaviside calls 
it, was made in such a way that the p is in the denominator. 
Why not divide the other way, as follows: 


a At V ^ 


) 


1 


The answer is that we get no information m t his case. Heaviside 


has given the meaning of 


1 

pn 


/ as a function of t; therefore, 


we 


should make our “ algebrizing ” such that p appears in the 
denominator. This matter is discussed further in Chaps. 
XXIV and XXV. 

Returning, for a moment, to equation (11^), 

Heaviside writes 


1 = 

/) + « 


€ 


—at 


He omits the unit function on the right-hand side and uses it 
only, and that not always, in equations involving p but not i. 

There is much to be said for omitting the i on the right-hand 
side. It makes much simpler printing, for one thing, and causes 
no confusion provided we do not try to operate on the t function 
by p. 

To illustrate the point, 

-at ^ ^ ^—at ~ ^ -at 

dt^ * 


But means differentiating a product. Thus, 


If 

Then 


Pifmm = rmn) + hw(o 

7/(0 = i 

pifm =/'«)/+ /(Op/ 


But pi is zero for all values of t except at t = 0; an<l at t = 0, 
fit) = /(O). Hence, 

p(/(0/) -//(O +/(0)p/ 


(14) 
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This is an important relation. Thus, if 

m = 6 -“^ 

+ c®p/ = —otfr^l + ply or 

7 >e -«7 is the same as pt^ with the addition of an impulse pi. 
This impulse is something that rises to infinity at < = 0. Con- 
sider again and write in an infinite series. Then, 

If we differentiate this as a product, then, from equation (14;, 

aiyi ( SaH^ . i yf 

Pf-oii = (-a + -I- . . . )/ -I- p/ 

== — «€ “7 + pi. 

The importance of using the 1 in connection with functions of 
f whc'n these are operatc'd on by p may be illustrated by another 
example. 

It has been shown that 


p + a 


1 = €"“7 


If we multiply botli sides by p + a, the result is 
pi = {p + a)e~^1 
Is this equation an identity? 

(p + a)€ ®7 = —a€~°^1 + ^p1 + aC^I = pi Q.E.D 
This identity would not have resulted if we had written 


— , # — e 

p + a 

Incidentally, it is worth while to call attention to certain other 
phases which emphasize the importance of retaining the symbol 
of the unit function. 

Some interpreters of Heaviside write 

V _ -at 
p + a 

and, therefore, substituting for a, 

— 2 — -- (ttt, 

p — a 

omitting all unit-function symbols. 
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From those relations one might well conclude that 


I • == 

]) At ot p — a 
or 

= 1 

p 2 _ ^^2 

As a -matter of fact, 

„ ^ = cosh atij as can readily be ascertained by “algebriz- 

jr — 

ing.” A mistake of this kind is not likely to occur if the 
equations are given as 


P 

p + a 

P 

p — a 


y = 

i = 


e 


-at 


e 


at 


provided it is remembered that any /(<) used in the operational 
calculus is, in reality, multiplied by the unit function. Multi- 
plying these, the student would get a P on the left-hand side, and 
nobody pretends to know the meaning of operators on P. 

Summary . — Linear differential equations with constant coeffi- 
cients, whose solutions are convergent series in /, can be solved 
by operational methods if p is substituted for d/dt. The opera- 
tional equation is subject to the common laws of algebra and is 
usually brought in the form of an infinite scries in terms of 1/;;, 
l/p^j etc., which are evaluated from the relation 

p'* m 



CHAPTER II 


THE NATURE AND PRACTICAL VALUE OF THE 
OPERATIONAL SOLUTION 


Heaviside evidently concluded that the use of differentials 
and integrals was undesirable — if it were possible to do without 
them. He also believed that even the most primitive electrical 
engineer could apply Ohm’s law to tlui permanent condition in 
a direct-current network involving only e.m.fs. and resistances. 
In short, he adopted the premise that in the circuit illustrated 
in Fig. 2 any electrical <‘ngineer could show t hat the total resist- 
ance is 


Thus, 


R{\ 


RRj^ 

R"+ 


Ra RR, 


is the steady currc'nt after the S 3 ’^st(‘ni has hecome stable. 



Again, in the circuit shown in Fig. 3 he assumed it as evident 
that the total resistance was 


R \) = /?2 ” 1 " 


UR^ 

R+'Rx 


and that the current in any branch can easily be found as a 
function of the steady impressed e.m.f. 

He then considered more complicated circuits as, for instance, 
that shown in Fig. 4. Here a resistance is connected in series 
with an inductance. The instantaneous relation 


e 


ir + L 


di 

It 


11 
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be assumed as well known. Thus, under his conditions we write 
Ei = ir + pLi = t(r + pL) 

In the case shown in Fig. 1), where the circuit consists of a con- 
denser in series with a resistance, the instantaneous relation is 



Thus, under his e«)nditioas, 



Fi«. (i Pig. 7. 


In the case shown in Fig. 6, 

Thus, under his conditions, 

Ei --= ir + pLi + 4- pL + 

His so-called reniskmce operator for a circuit of resistance and 
inductance in series is 2 = r •+- pL. Note that this does not 
mean that the impedance is r -f pL. It merely means that if 
1/2 operates on the unit function of E, the current under Heavi- 
side’s condition can he found. The resistance operator for a 

circuit of resistance and capacity in series is z = r -f 

The operator in the case of resistance., inductance, and capacity 

in series is 2 = r 4- pL 4- 

Consider next the circuit shown in Fig. 7, which might repre- 
sent a leaky condenser in series with a resistance We may 
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proceed to set up the equation of the steady current as if the 
various branches contained resistances only; i.e., from Fig. 3 


we gel 


R» — Ri "I" 


RR^ 

R-\-R 


I 


Hubstituling for the R’r llie corresponding resistance operators, 
we get 

1 

Jf* 

, pC , r „ '■a + ri'ipC + r 

2"-r., + ^ j + i+rpC 

pC 


TJuToforo, 


^ F.-SL+ 4 
z» V + r.. + rr.pr 


(15) 


'fins relation he calls the operational solution and WTites it 

1 = E^^lotE^i (16) 

/j l/ip) 

Thus, in this case 

}" = 1 + pCr 

2 = r + To + rr^pC 


It is evident that the operational solution is not limited to 
finding the current caused by the application of a steady voltage 
E Bit t = 0. Another problem might be to find, for instance, the 
operational solution of the e.m.f. consumed by the condenser 
at any time after the application of E at the terminal of the net- 
work. To get this solution, it is at present better for the student 
to refer to the equivalent direct-current network illustrated in 
Fig. 3 and to solve for the voltage consumed by R\, which in that 
diagram takes the place of the condenser in Fig. 7. This voltage 
is readily seen to be 


RR 2 ‘4“ RRi "b R\R2 


Substituting the resistance operators, we get 

c =. E / ^E- I -_p 1 

, r . Ti rripC + r -f- rg 

+ pC + pC 
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Let us return for a moment to equations (15) and (16). 

The question may well be asked, why not write the operational 
solution 

_l + pCr 
i = e '' 


in which case T would be - ,, and Z = 1, or why 

r + rz + rr-.pC 

not write 


E 


1 


r + rj + rr-ipC 
1 + yCr 




in which ease Y would ho unity and 

r, ^ r + rg + rr^pC 

l+pCr 

It will be clear from what follows in the proof of the expansion 
theorem that the first relation would not do. 

The rule is that the operational solution must be of such form 
that when Z, the denominator, is equated to zero, wc obtain the 
largest number of roots of p. In the first case, Z = Q gives no 
roots at all. In most problems, Z contains higher powers of p 
than the first, wdien, of course, several roots are obtained. 

From this consideration, it should be evident how the opera- 
tional solution is obtained at least in networks of concentrated 
resistance, inductance, and capacity. 

A number of examples will be given later which involve not 
only resistance, inductance, and capacity but also mutual 
inductances. These will help to clear up any doubts that may 
exist at this time. 
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THE EXPANSION THEOREM 

In Chapter II has l)oen shown the method of obtaining the 
operational solution. It must be remembered that the op(*ra- 
tional solution giv('s the answer only in case a steady force is 
suddenly applic'd to 1 he sysU'in at / = 0. 'Phis is, of course, not 
always the cas(‘ in actual problems where the forces frequently 
are varying or, indeed, where no external forces are applied, as 
in the case of the discharges of a condenser. Such cases are 
easily solved, however, as will be shown in f^haps. VI, VIII, and 
As a rul(‘, the solution th(*n depends upon that obtained 
by first assuming a steady force applied at ^ = 0. Briefly, 
whatever the nature of the problem, it is usually essential to 
know the solution in the case of a steady force applied at t = 0, 
that is, under the so-called Ueavi^Uie rofidition. 

In equation (16) in Chap. 11, the operational solution for the 

Y 

lino eurront was given as i = E whore l',p, and wore 
c('rtain functions of p. 

If Z,„) is of higlior power in p than thonF;,) isafrac- 
tion of powers. If, on the other hand, Y^p) is of higher power in p 
than Z(p), it is always possible by division to reduce F(p)/Z,p) to 
a sum of terms some of which are integral functions of p and one 
of them a fraction, involving powers of p in both numerator 
and denominator. So the resultant expression becomes, for 

Y 

instance, Api + 5/ + C J In the last case, the expression 

Yip)/Z^p) is obviously not the same as that in the first case. The 
solution of the problem is, then, the sum of the solutions of 

Apl, B1, and 

^(P) 

Iroin what has been said about p/, it is evident that this term 
Ap1 contributes something which is infinite at ^ = 0 and zero 

15 
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afterward. The solution of the third term, the fraction in />, 
is obtained by the expansion theorem. 

Z(p, always contains p in various powers. Thus, in general, 
Z^p, can be written 

= />" + fW ' + ■ ■ 

IjCt the roots corresponding to Z,,„ = 0 i)e /)i, ps, px, etc. 
Therefore, 

= {p - Pi) 0> - Pi) ip - p.<) ■ ■ ■ 

and 

1 (p) _ 5 ,pi 

(P - Pi) (P - Vi) (P - Ps) • • ■ 

When this expression is broken into partial fractions and all 
roots are different and none is zero, we get 
Yu.y ^ A B C 

At.) V - Vi P - V - ?>« 


in which 


‘ , /i = , etc 

" tpj ip,) 


where Z\j,i is and Z\p^^ is the particular value of 

when Pi is substituted for p. For the explanation of this relation, 
see, for instance, Todhunters ‘‘Intep^ral Calculus’’ (second 
chapter) or Pierce’s “Table of Integrals” (p. 14). 

We get, also, 

= A — — /+ ^ -/+■•• 

Z<P) P - Pi p- Pi 

Substituting the value for ^ i from equation (12) Chap. I, 

p — P\ 

putting a = — Pi, it is easily seen that equation (17) becomes 

L-I-B U + [4<''' + B<"'+... / 

L pi pn J L Pi Vi J 

From equation (17) it is evident that the first parenthesis is 

V Y 

for p = 0 or, for the sake of brevity, The second 

i5(p) ^(») 

parenthesis, after substituting the values of A,B, • • • , is 


dZ 


hiifl 

dZ 


P*7.* 
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Therefore, 



+ 

VxPiPZ • • 


V” 


dZ^ 


iP) 


dp 


1 


(18) 


which is the same equation as Heaviside gives on page 135 
( Vol. II). Note, however, that in this demonstration it has been 
assumed that all roots of Z^p) =0 are unequal and not zero. 
The method to be used when several roots are equal, or when 
one root is zero, will be given in Chap. VH. 

As has been already stated Heaviside always omitted writing 
the unit function 1 in terms involving the independent variable 
t but usually, though not always, wrote it when the solution 
was given in some function of p. There is a good practical 
reason for this — we would otherwise have too many /'s in the 
ecjuations. For this reason, it seems wise to follow his style, 
and from now on the unit function will be omitted when the 
solution is given in L It should be remembered, however, that 
it belongs there. 

It is an interesting fact that while the expansion theorem is 
deduced under the assumption that Y(p)/Zip) is a fraction in 
powers of p, it is not a necessary limitation under the Heaviside 
condition. The expansion theorem can be used as given in 
equation (18) even though the highest power in p is the same 
in Y(p) and Z(^p). Even if the power in p is higher in Y^p) than 
in Zip), it is not necessary to divide through. Instead, we can 
proceed in the usual way with the mental reservation that to the 
result obtained there must be added a term which is zero before 
and after < = 0 but is infinite at t = 0. 

Consider the case where the highest power in p is the same in 
the two expressions: 


Yip) = p’‘ + ap"' ’ + + • • • 7 

^(7» = V” + + • • • c 


By division we get 

^ 1 4- ; T.I: ^ 1 4. 

^(P) "p^+’ap”-* +/3p”-2 + . . . r Zip) 

Here the second term is a fraction in p, and we can without hesi- 
tation proceed with the expansion theorem. 
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TIk- (solution of the second term gen«*rally contains a constant 
tcrni and a series of terms involving e>“. The solution 

of the problem is, then, 

1 + V'"’ + 

Yuo)IZf„^ would, of course, be - ^ y so that the total value 

of the constant term would be 1 H — - = - j which is also 

c c 

the value obtained if we had proceeded without the division. 
It is also evident that since Zip) is the same whether we divid(' 
or not, the number of roots and the values of the roots corre- 
sponding to Zipy = 0 are the same. 

In the first case, when we do not divide through, a number of 
exponential terms result : 

+ * ' * 

In the second case, the same number of terms result: 

A* + • • • 


and it happens that under the Heaviside condition ki == Wi, 
A *2 = nhi, etc. 

Since Yup) = Yu.) - V” “ ~ = 5^(7» “ 

Therefore, fci = — ^ ’ dZ ' 

^d/p ^^dp 

since for p = pi must be zero. Thus, A’l = wi and, similarly, 
k 2 = etc. 

Experience has indicated that the student is little likely to 
go astray in the use of the expansion theorem if h(‘ introduces a 
definite order of procedure. 

1. Write down the value of Z(p). 

2. Set Z(p) = 0 and solve for p, which gives values pi, p^y 
P'Ay etc. 

If Zip) is linear in p, only one root pi results. 

If Zip) is quadratic in p, two roots pi and p 2 result. A cubic 
equation gives three roots, etc. 
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3 . Differentiate Z(p) with respect to p; i.e., find d'Zuf^ldp. 

4 , Write out p^--- and 

^ dp dZ,„) 

^~dp 

fi. Substitute in step p = Pi, P = Pt ' ‘ ' , elc. 

6. Write and substitute 7; = 0 to find In 

general, the solution then contains one constant term Yf„)IZ,<„ 
and a number of terms 

C,e'”' + fV"-' + • • • 

whore C, is for p = p,, (\ = for p = ih, etc. At 

(iZi (i/j 

^ dp ^ dp 

this point, th(^ nialhoiiiaticiaii may say that this is nothing but 
II10 usual vsolution of a linear differential ociuation where the 
right-hand nieniber is a constant: and this is, of course, the truth. 
The beauty of Heaviside’s treatment lies in the wonderfully 
simple method used to d(‘termine the integration constants C'l, 
C2, etc. Th('y arc obtained by the vsiinplest kind of operation 
involving only the knowledge of differentiation with respect to p. 

Th(* simplicity of his method is especially appreciated when 
dealing with differential equations of infinite order, such as arc 
met in systems of “distributed^^ constants where the number of 
integration constants are infinite and often hopelessly difficult 
to evaluate by conventional methods. 

Heaviside really uses two rather distinct methods in solving 
his problems — one, and the safest one, the expansion theorem; 
the other, the “ algebrizing ” method, in which he expands the 
operator in a power series. 

The disadvantage of the first method is that it is often very 
laborious. Z^p) =0 frequently gives a number of complex 
roots, difficult to locate. 

The disadvantage of t.he second method is that it leads fre- 
quently to series expansions which are very difficult to interpret. 

Unfortunately, his operational calculus, which depends upon 
the expansion of functions in a power series, is poorly fitted to 
certain problems, as will be shown in Chap. XVI. But there are 
shorter ways, as will be discussed in that chapter and elsewhere. 
The use of Duhamers integral (Chap. XIV) or the vector equa- 
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tions, when dealing with permanent conditions due to periodic 
forces, is strongly to be recommended. If the ^^algebrizing^’ 
method gives a series which is not convergent or is convergent 
only over a certain region, do not expect it to tell the whole story; 
it seldom does. Try then another method. Heaviside says 
(p. 492, Vol II), in connection with expansions involving diver- 
gent series: 

'There is more to be said on this subject and 1 have no doubt 
a good deal more will be said when proper mathematicians will 
thoroughly explore divergent series for physical purposes.^’ 
Consider, first, the simplest possible case, a storage battery of 
voltage E connected to a circuit consisting of a non-inductive 
resistance in seri(\s with a resistanceless inductance.^' 

The resistance operator is r + pL, and th(' current under th(' 
Heaviside condition 


/ 


E 

r + pL 


i = E 


Z 


(V) 


Here }\p) = 1 and Zi,,) — r + pL 


T 

Zip) = 0 gives one root only, P\ = —j 

Jj 

dZ , dZ 


y..) I 

dZ pL’ 

^dp 


i = E 


JlEL 


1 


dZ 
^ dp 

Z(0) r 

e ^ 
r 


-L'- 

P * Pi 


-n'-i 


The voltage consumed by the inductance is found in a similar 
way. It is ipL or 


Here 




i 

r pL 


r 

L 


^ KP) ”* ^\p) ^ d” P^) Pi 
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aud 



/> /II 


r(o, 

^(0) 


= 0 



I 


= E€~i! 


Another simple example is as follows: Find the voltage con- 
sumed by the condenser in a circuit consisting of a resistance in 
scries with a condenser. Let the circuit be connected to a storage 
battery of voltage E. 

We have, then, a resistance operator r 4- ^ • The current is 

pc 


I 


E 


r -I- 


pC 


and the voltage taken by tlie condenser is c, 

1 


. 1 
'pC 


Here 


• c, 




E 

'p(V+ 1 


/ 


r,;,, = 1 Z(„> = pCr -f- 1 . .pi 


Lji 

dZ 

^ dp 


1 

pf';-’ 


Y 


<;•) 


dZ 

^dp 


= -1 


}’(()) _ 1 _ 1 

Z((}) 1 “ '■ 

. C. = I — f Cr 


1 

Cr 


Note that at the moment of closing the switch when t = 0, 
Cc *= 0; thus, a condenser acts at that moment as a piece of heavy 
wire — it does not consume any voltage. For t = »,ec = E. 



22 


HEAVISIDE'S OPKliATIONAL CALCULUS 


Thus, if we wait long enough the condeaser acts as a wire of 
infinite resistance. 

At the first instant, the condenser acts as if it were short 
circuited. Later, it acts as an open circuit. An inductance, 
as is seen by a similar analysis in the first problem, acts just. th(^ 
opposite way. 



CHAPTER IV 


THE EXPANSION THEOREM APPLIED TO SOME 
DEFINITE PROBLEMS 

To illustratci the application of the expansion theorem to the 
problem cited in Chap. II when a leaky condenser in series with 
a resistance is suddenly connected to a storage battery of poten- 
tial difference E, we have Z(j,) = r 4- + rr^TpC (see ecjuation 

(l.'j) and Fig. 7 in Chap. II). Therefore, 


= 0 gives p = - 


r + 


r + 

/T.,C 


Therefore, 


= 7T..C 


dZ „ , }’(,,) 1 + rpC 

=„n-,Caud-^- - 

''dr 

__ /• 

“ ?'«(/• -t- Ti) 


Therefore, 


To., 


dZ 


^dp 

. P=- V\ 




Z(o) 


r -|-r2 


1 r 

r -I- rj + rj)* 


For < = 0, f = — and for < = <», t = - 'f 
rj ’ r + rx 

It is of interest to note that the initial and final currents can 
always be obtained directly from the operational solution. In 
this case, 

r + r, H- pCrTi 
•i-i 


( 19 ) 
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When wc remember the shape of the unit function, we realize 
that for / « 0, p = (i ; for < = oo , p *= 0. 

Therefore, for ^ 0, p = ac , or is very large compared with 

any finite quantity, and we get 

_ EvCr ^ K 
^ pCrr. ro 
1 1 

For t = =c y = 0 and t E . 

r + 

Other examples involving complex roots will be given in 
Chaps. VII and VIII. 

The operational equation brings out some other interesting 
features. Since for ^ = 0, p = oo and for < = «, p = 0, it is 
evident that if the denominator is of a higher power of p than 
the numerator, the initial current must be zero. 

If numerator and denominator arc of the same power in p, 
the initial curremt is of a definite value, not zero. 

If the numerator is of higher power of p than the denominator, 
then the initial rush of current is infinite; but after an infinitely 
short time it decreases to a definite value. It might be well to 
say here that this condition can never be met in any actual 

* The operational solution is the solution of the pennanent alternating- 
current condition when vector representation is used, if for p is substituted 
ju>’, thus, p* s= — w*, p® = — etc. 

Heaviside brought out this fact in 1892, or perhaps earlier; it had also 
been shown by Kennelly in 1892. 

The proof is simple when it is recollected that a convenient equation of a 
revolving vector is 

/ = 

Thus, 

= P/ = =j„/. 

Hef erring then to equation (19), 

* r 4* ra -f jwCrr^ 

r -f r? 

_ j- 

(r + ra)* + Ta* 

Xe 


where 


1 
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problem, whether mechanical or electrical. It would exist in 
the case, for instance, where a condenser is suddenly connected 
to a battery with wires of no resistance, which obviously is 
impossible. 

Even then, however, the method throws some light on the 
subject. We would obviously expect, to find an instantaneous 
infinite rush of curnmt during an exceedingly short time such 
that / idt would be the charge which corresponds to the voltage 
impressed. 

The operational solut ion obviously is 

i = = pCEi 

l,pC 

which means an instantaneous rush of current of infinite magni- 
tude and the charge = //p = CE, which is the proper charge. 

Problem. - - A condenser made up with two different kinds of 
dielectric is suddenly connected to a storage battery of voltage 
Ey as in Fig. 8. Find the charge on the middle plate. 

I^et the leakage conductance and the capacity of the upper 
portion be g\ and Ci and the corresponding values for the lower 
part be and Cn, Let e\ be the 
instantaneous voltage consumed by 
the upper part and that of the lower 
part, then the current taken by the 
upper part is obviously ii = ei{gi -f 
pCi) (the resistance operator of the 

condenser being 1 /pCi, the corresponding admittance is 

Similarly, the current taken by the lower part is 62(^2 + pC 2)- 
These two currents are obviously the same. Thus, 
ciigi + pCi) = €2(92 + PC2) = i 
But Cl + 62 = Ei. Therefore, 

Ei = — r^- + -^r 

Qi + pc I 92 4* pC2 

or 

<7i + <72 4 p(C\ 4 C 2 ) 

_ / _ ET ^ 

* g\ + pC\ Vi 4 92 4 p{C\ 4 ^ 2 ) 



Fiq. 8. 


Thow.foK', 
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and th(‘ charge on the top plate is 

,, r — vr S'* / 

Q\ + + p{C\ + f's) 

The (?()rr(*spoii(liiig chargn on the top side of the inuldlo plate is 
luiiiierically the same but with minus sign. 

Consider the lower part of the condenser. Its upper plat(‘ 
has a charge equal to C 2 C 2 , which is easily shown to be 

= EC^- ■ T- ^ ‘ T-v, J 

g\ + + p{C\ + 62) 

Thus, the total charge on the middle plate is 

= - Ci((;o 4- prv.) 

gy gi + p{C + C2) 

= E ~ ' i 

ff. + *72 + 7>(Ci + r,)" 

- E ^ 1 

+ pC’/ 


where 


This can be written 


where 


A ~ giC\ ^ g2.C\ 
C'o = gfj + (72 

Co = Cl + C2 
q = E 1 

P + CL 


The solution can be written down at once by comparing this 
equation with equation (12) (Chap. I). It is 


. _ , JS'Vl 

^7^ + fl'2 1 J 


The student should verify this by the use of the expansion 
theorem. 



CHAPTER V 


OPERATIONS ON UNIT FUNCTION SQUARED HAVE NO 
PHYSICAL SIGNIFICANCE 


The student may be tempted to write the operational expres- 
sion for electric power and expect from this to g(»t by the expan- 
sion theorem the instantaneous valuers, llv will fail because 
the operational solution will contain and neither Heaviside nor 
anybody else has shown how’ to operate on 

To illustrate, assume that it is desired to find the power 
supplied to the inductance of an inductive circuit. The power 
is the instantaneous product of the voltage consumed by the 
inductance and the current flowing in the inductance. 

The operational solution for the current is 

' = it' 

r + pL 

and since the voltagi' consumed by the inductance is 


one might- write 


r = pLi = E 

r + pL 


P = E^-- 


(r + pL)'^ 


and erroneously proceed to use the expansion theorem. It must 
be remembered that we know only how to operate on / ; we know 
nothing about rules of operation on P. 

The solution is the product of the voltage and current 
when these are given as functions of ^ not of p. Thus, the 
power in this case is 
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and this is obtained by writing 



and evaluating each term independently. 

Incidentally, this difficulty is similar to that encountered 
when trying to get the power in an alternating-current circuit 
from the vector expressions of the current and voltage. The 
student will remember that the answer is obtained by “tele- 
scoping” the vectors; ordinary multiplication does not work. 



CHAPTER VI 


ADDITIONAL OPERATORS EMPLOYED WHEN A NET- 
WORK IS SUDDENLY CONNECTED TO AN ALTERNA- 
TOR, INSTEAD OF TO A BATTERY OF CONSTANT 
VOLTAGE 


Ilofprring to equation (13) (C'hap. I), 


Thus, 


-P - / = 

p — a 

f-. i = when a — ±ju, 

P ± J03 


sin (Jiti 




\ - V y / 

2j [p - jw p -hjw 


^p P +jw - p J- jo) 1. ^ pa . 
2j p^ + ti)* p* -|- w* 


2i [ P^ + «* J p* -h 

This shows how a sine wave can be converted to an operator on 
unit function. 

Similarly 

cos ati = —ii 
p‘ -h 

Therefore, 

sin (w< + <p)i = (sin at cos ^p ± cos at sin ip)i 
_ p a co s p_ ± p^ sin <p. 

p* + w* ■ ^ 

and 

/ 4 p* COS «> + pa sin <p., 

cos (at ± v)1 = - ■— i , — , — 1 

' p* + «* 

This relation, the writer believes, was first shown by Pleijel. 
Similarly, if “shifting” is used (see Chap. XIII), 

™ w ± rfy - 

OO. W ± rt/ . 
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:^o 


In connection with the last two equations, it should be noted 

that while ^ A and sin w// = «/, e sin wf/ 

cannot bo obtained directly by multiplying the two operators, 
because the resultant operator would involve the unit function 
squared. 

An application of these operators will be givcm in the case of an 
alternator of e.in.f. E sin {lat + ip) being suddenly (at t = 0) 
connected to an inductive circuit, as shown 
in Fig. 9. 

The procedure is to write first the oper- 
ational solution as if unit e.m.f. weni 

E 

impressed. It is / = - , /. Then 

r + pL 

introduce the a<lditional operator which converts the sine wave to 
a wave of unit function. Thus, the operational solution becomes 



Therefore, 

and 


E w/^cos ip + />“ sin 
r + pL + 7 >- 

= co 7 > cos ip -b p ' sin p 

Z{,,) = (r + pL){(i}“ + p“) 


( 20 ) 


The solution of eciuation (20) gives the instantaneous values 
of the current. The denominator is of a higher power of p than 
the numerator; thus, the initial current value is zero. But in 
this case we cannot say that for f = oo , p = 0. It is not zero, 
because the final current is obviously not steady; the operational 
solution gives, of course, the right result. If we desire to know 
the final value without solving the equation by the expansion 
theorem, we may resort to the vector representation as discussc'd 
previously and write 

* r + pL 

where p = jco. 

Therefore, 

r + jwL 

which is the well-known solution. 
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It is now perfectly simple to solve o(|uation (20) by the expan- 
sion theorem. Since Z^p, = (r + pLKw" + P“), we get three 

roots: V\ ~ P 2 = +J«, p.i = —ju)- We proceed, then, to 

iJ 

7 d7 

find d and then p for p = p\, p^, and ps. 

Tho result will be three terms (Y i o) I Z^o) is easily seen to be zero 
in this ease), viz , 


At~ >' -1- /it'"' + Ct 

The last two terms will combine to a pure sine wave without 
decrement and are, therefore, the permanent condition, which 
usually is well known to engineers. 

In this case, the permanent alternating current is 

K 

ij, = J sin (w/ + — a) 


so that it is necessary only to calculate the value of / from the 
expansion theorem for the root p ^ pi = -^and then to add ip 
to the solution. 

The solution is not always so easily obtained, however. Wc 
will, tlK'refore, consider a general simplification of work when the 
denominator Z^p) is in the form of a product. 


L('t 


Therefore, 


and 


Yip) _ ^ (p) 

Z^,,) h\{p)'’ ^2ip) 

Z'ip) = = hup)h'2(p) + 

pZ/ (P) — p[f^\{p)^^2(P) “f" ^2{p)h i(ji)| 


When in this expression we substitute the root or roots obtained 
when /i|(y,) = 0, we get only the second term left, since h\(p) 
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obviously becomes zero. A similar argument applies in regart 
to the second set of roots, so that the net result is, for instance 
if ki(p, has only one root, pi, and h2,p, two roots, po and ps, 



This relation, the writer believes, was first worked out by Pleijt 
or Herlitz. 

In the particular problem under consideration. 


hup) = r + pL', therefore, /i'kp, = L and ph' up) — pL 
hiip) = + P*; therefore, h'2,p) = 2p and ph\,p, = 2p- 

Thus, 

phnp)h'up) = pJAo>- + P') 

and 

phup)h'-t)P) = 2p*(r + pL) 

T 

phi(p)h'up) for p = P\ becomes — 

iv“ 

where 

2^ = r- + = r- + ar® 

j* 

Y(p) for p — p\ becomes Zj ^ sin (v? — a) 

where 

tan tt = 

r 

Thus, the first term bocoraos 


E 

— c sin iip — o) 
z 

phnp)h'2ip) for p - p2 — jo) becomes — 2 ci> 2 (r + jcoL) 
Y(p) for p = p2 becomes cos <p — sin <p) 
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Therefore, 

/ Yj P) \ _ 3 cos <p - sin <p 

\jf>hnp)h' 2(i>i —2(r+j<aL) 

_ cos ^ + j sin ^ _ cos (v’ — «) + 3 H 
2j{r + juL) 2jz 

( ^ 11 .) \ ^ J cos V> + sin <p 

2 (? ) 

_ — cos (^ — a) + jsin {ip — a) 

~ 2.72 


Thus, the last two terms become 


I cos {ip — a) 


= sin {u)t ip — a) 
z 


which is the peniianont value, and the solution is 


sin {(isi + ip — n) — t '' sin (yr — a) j 

The process is somewhat lengthy, but as has been stated 
when it is once done, it is known that the roots ±ju give the 
permanent condition, so that it is really necessary merely to calcu- 
late the condition for the other root, or roots, if the permanent 
condition is known. If not, it is simplest to obtain it first in 
vector form by substituting jw in the operational solution — 
FI 

j = - , y, in this particular case, 
r -f pL 

This problem will be treated in an entirely different way in 
(lhap. XXVI. The object then will be to bring out certain 
peculiarities of power-series developments and to show the 
application of Heaviside’s “shifting.” 




CHAPTER VII 


PROCEDURE WHEN THE EXPANSION THEOREM CAN- 
NOT BE USED BECAUSE ALL ROOTS ARE NOT 
DIFFERENT OR SOME ROOTS ARE ZERO 


Consider, first, the case when one root is zero. Such a con- 
dition would arise if, for instance, it were desired to find the 
nund)er of coulombs supplied hy a storage hattc'ry after the 
switch wiis closed on an inductive' circuit. 


E 

The (uirront, then, is { = — ji 

’ ^ r + pL 


and the number of coulombs 


s is ( nltf 
Jo 


or 


'/ 

P 


coulombs = 


K 

p(r + pL) 


1 


In this case, = p{r + pL), and one root is zero. Thus, the 
expansion theorem can not be applied. 

T1h‘ procedure, then, is to determine liy the expansion theorem 


6 -// 


E E 

the value of - / ji, which is - 
r + pL r 

means integration between the limits zero and t, we get 


Then, since 


coulombs = 



€ l! 


\(U 


Therefore, when one root is zero, an integration has to be 
performed. 

FfP) 


In general, if / = .B 


P(p - a)(P - &) 


iy one root is zero. 

A 


In this case, determine the value of fi = E , 

’ {p - a)(p - p) 

and later find q by integration, that is, g = 





PROCEDUHE WHEN EXPAND ON THEOREM FAILS :^5 


When two or more roots are equal, the simplest way is to 
assuiiio that they differ slightly, in which case the expansion 
tiu‘or(*in can b(* applied. The correct answer is later obtained 
by finding tlu* value of these expressions in i as the roots approach 
equality or else working out suitable new operators, as will be 
shown below. 

Consider the circuit shown in Fig. 10, consisting of a resistance, 
iiKluctance, and condenser in series. Then, obviously, the 
operational solution for the current is 

i = — j-y (21) 

r -r,,L + -^ 



If the equation is li'fl in its present, form, 





= 1 





= r + pL + 

1 

vC 

Thus, 

= 0 givei 

s 



Pi = 
pi = 

= — a 

= — Q£ 

i when 
- jwJ 

1 r* 

CL ^ 4L* 

where 






II 

CO 

“ 4cl ~ “ 

2 = .^0* — 


. •> 

. . 

4- (02 

= co{i“ if coi) = 

4lc 



dp 

= ~ p«C’ 




dZ 

^ - pC = 

p^LC - 1 
- pC 


dZ 

dp 


for p = Pi then becomes +2jwL 
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for p = becomes — 2ya)/> 


[ g(' a+;«)/ I lU 

2ju,L ~ 2jwL J w// 

€ 

= E , sin U3t 
uiL 

1 7*“ 

It is readily proved that if 




where 


i = E sinh fit 

Lp 

“ - - ci 


1 

The case of equal rooU^ that is, when As these 

approach equality, co approaches zero, and sin o)t approaches ott 

,—at 

i ^ E Et j 

(jt)L L 

But we could have obtained the same relation in another way. 
Equation (21) might also be written 

pCE . 

' rp'Op*CL + r 


/ = / 

+ + ^ 4’ + r’’ + ^)- 


= vE y 
L(p + aY 

The question then, is: What is the meaning of 

L (p + aY'' 

Note that 

d i>_ p __ 

da p + « (p 4" «)* 



PROCEDURE WHEN EXPANSION THEOREM FAILS 37 


but 


Honcc 


i = 

p + a 

• i= -<6“‘ 

dap + a 
^ 





at 


In the example calculated above, which gave a pair of conjugate 
roots, the calculation was not very laborious. This was largely 
due to the fact that 5^(p) was unity. This is not always the cas(‘. 



CHAPTEK VIIT 


SIMPLIFICATION WHICH CAN BE MADE WHEN THE 
ROOTS ARE CONJUGATES 

In gonoral, Iho operational etjuation jnay bo written 

, _ = E . ^ 1 

^(i» P"’ + flip + 

w'hich, vinder certain conditions, gives two roots 

— a ± jto 

It can easily be proved that when the roots of Z,,„ = 0 are 

d Y 

conjugal os, for p — p\ and for p = must also Ix^ con- 
jugato, and so also tho two values of l\y>). And, finally, the two 

Y 

expressions of — ^ are conjugates. 


Tjot the coini)lex (»xpression of — ~ for p = — o + ho A 

(tZi 


t' + J' l) or 4 = where A = y/c^ + Ci* and tan ^ 

Then the corresponding relation for 

p = V'i — -oc — is B = e — jci, or ^ = At 
Therefore, the two terms under the summation sign become 

= cos (iai 4* 5) 

i = e[^ + 2At ‘^ cos (wt + 6)1 (22) 

L'^(O) 


+ 2Ac" cos (u)t + 5) 


This method will be demonstrated below. 

Find the voltage consumed by the inductance L in Fig. 10 
after the switch is closed. 
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Wo hav(‘ 


Ef 


r + 


Cl = pLt = 


pLE 


-1 = 


p^EI 


r + pL+ p' + />^ + 


_ A 

jP“ ~h + 6 )()“ 

Z = 0 gives /> = — « ± JtA) where o) = a/ojk- - and wo"' = 


and 


dp = + «) • • = 2/>(;; + a) 

Ijjli ^ 

(/;? 2(p + a) 

For /j = — fv + ja> this becomes 

— a+jtjj _ —a+jo)_ja + (a 
2 ( — a + ico + Of) 2 jw 2 a> 

Va^ + 

2 w 

8 indicating that the vi'ctor is offset 5° or 


a 

CO 


CL 


but 


t = 6^'> 

• 2 « 


ei = E 


r,o> co,,^ 

Z(n> w 


}".n) _ 


= 0 


•<<( 11 ) 


.•. ei = E “f C08 (w< + 5) 

CO 


0, = E'^" C08 5 = s"'-’ " = E 

CO CO COu 


For < = 0, 
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PROBLEM INVOLVING MUTUAL INDUCTANCE 

Figure 11 is a diagram of two circuits having mutual inductance 
for which the conventional relation is 



Fig. 11. 
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In these equations, 


Ol — fl + pl-ti + 


1 

pCi 


02 = ^2 + pLi + 

6 = pM 


Special Case. — The condensers are omitted in each circuit. 

E = 500 volts Ti = 100 ohms r 2 = 20 ohms 

Li = 0.4 henry L 2 = 0.1 henry 

M = 0.6\/LiL 2 = 0.12 henry 


Verify that the operational solution for the primary current is 



20 + O.lp 

000 + 18p + 0.0266p« 




and that when the expansion theorem has been applied 

i, = 5[1 - 0.412e-‘*'«- 0.6«-‘‘«"] 

The secondary current is 12 = —5.6 [«->»*' — e-esti] 

Problem. — If, instead of applying a storage battery of 500 
volts to the primary circuit, a 60-cycle alternator with the same 
maximum voltage were used, and if it so happened that the 
switch were closed at the instant when the c.m.f. wave passed 
through its zero value, the voltage wave would be 500 sin 377<. 

The operational equation for the primary current would then 
be 

,- _ .no V 20 -h O.lp 

A 2 000 + 18p +0.0256p* . 

and the numerical value after the expansion theorem is applied 
would be 


1 , = 3.06 sin («< - 41.3“) + 0.66e-'»« -|- 1.365«-*«‘' 



CHAPTER X 


THE EFFECT OF SUDDENLY CHANGING THE E.M.F. IN 
A SYSTEM OR OF SHORT-CIRCUITING A NETWORK 


Orijciiially, switch .s*i in Fig. 12 is open and .s *2 closed At # = 0, 
switch Si is closed, when a current 


/i 


El ^ ^ 

r + pL r 


1 


€ / 


flows in the circuit. At / = /i, switch .s‘2 is opened, which 



Fnj 12 


introduces an additional voltage E^. 
current 


E2 A 

r + 7 >Z/ 



This voltage causes a 




to flow, which is superimposed on i\ and begins, of course, 
at t = t\. 


If Ei is equal but opposite to Ei, then h is negative, as shown 
by the dotted line in Fig. 13, and the resultant current is shown 
by the heavy line. 

Up to time h the current is 1 — > after that, it is 


E 

r 


1 



1 - 


Obviously, after t = there is no battery e.m.f. in the circuit, 
so that the circuit is short circuited upon its(*lf. 


12 
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Special Case. — If the short circuit takes place some time after 
tlie battery has been connect(‘(l, so that the system has reach('d 

Y 

the steady state, the current due to the original c.m.f. is E 
and the current due to the fictitious negative voltage is 



where t is counted from the time of short circuit. Therefore*, 
the current after the short circuit is the sum of these two or 


1 — — w—TO — 

The rule is, therefore: Write out 
the operational solution covering the 
initial condition (the starting condi- 
tion), solve this equation by the expansion theorem, omit the 
constant term, and reverse the sign before the summation term. 
In this particular circuit, it is easily seen that after the short 



circuit, i = 



E 

r 


is the current that existed when the 
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short circuit took place. Thus, the origiiial current dies down 
according to the exponential law. 

Another Example. — Find the discharge current of a condenser 
initially charged to a potential difference Ec from a battery of 
voltage E in the circuit represented in Fig. 14. 

i — — — (23) 

r + pt + ^^ r + ,,l + ^ 


Find the voltage across the condenser after the discharge has 
begun. 


(‘r = 


pC 




pC^ + pL + 



/ 


where the transient term alone is used aft('r the solution from 
the expansion theorem has been found. 

At first glance, equation (23) seems strange. It contains 
Eciy yet we know that the voltage of the condenser is going 
to decrease probably through oscillations until it becomes zero. 
It is far from a unit function. 

It must be remembered that equation (23) was not derived 
under the assumption of a steady condenser voltage. It 
happened to come out that way through mathematical reasoning. 

It is interesting to note that in the case of discharge of a 
condenser, the current is identical with the original charging 
current, except for reversed direction. 

Other Examples. — The oscillations in mechanical systems are 
similar to those in electric circuits. When dealing with springs 
of negligible mass compared with the mass of the moving body, 
and when the frictional force is proportional to the velocity, the 
equations become identical. 


C 



1 




0-1 i 1 1 1 i 1 1 1 1 1 ^ 

1 

— Illlllllh<r 

1 



-Axo 





Fia. 15. 


The dotted line in Fig. 15 is the position of equilibrium. A 
force has been applied to the mass so that it has been displaced a 
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distance Xu. Find the position of the mass when the force is 
suddenly removed. 


Let the friction force hefv 



Let the force necessary to compress = kx. 

The force necessary to accelerate the mass is = M* 


d^x 

dt^' 


Then, if a steady force F is applied to bring the mass to position 
X()j the following relation exists: 




or with Heaviside’s notation, 

FI = Mp'^x + fpx + kx = x{p^M + pf + k) 

= ^ i 

■ ■ + pf + k 


(24) 


If the numerical relations among Af, /, and k are suitable, the 
mass will reach its final position after a number of oscillations, 
and the final value Xo = y\o)/Z( 0 ), which corresponds to p = 0, 
will be F/k. 

After the force is removed, the motion will be the resultant 
of two motions: one the original due to +Fi and the other due 
to —Fi, Thus, 


r _ 

0) 


^(0) dZ 

^dp 


= (25) 


dp 


Equation (24) may be written 

^ 


X = 


f 

Zip, = 0 gives p = - 2 jif ± 


rt _ 

P 


k 

M 


If the constants are such that ^ 
then 

p = — « ± 



Fio. 16 . 
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where 


thus, 


“ 2M 

w = \/ (aJo** — or and a>o“ = 
= 2j} + 2 a = 2 (/> + a) 


. li/i; = _ 

• ■ dZ 2pM{p + a) 

% 


F 

M 


dZ 

‘^dp 


J/> ■■ — a -f 


F 

2Moi{u3 + Jol) 

F (a> — Ja) __ Fj[ — 0) + ^a) 
2Miii{or + a^) 2il/a>coo*‘^ 



Thus referring to Chap. VUI, 


A = 


2il/ci}coo 


and tan 6 = 


+a 


6, therefore, lies in the second quadrant and 


At f = 0 , X 


^ Afeowo ^ 


F 

M 03(1)0 


COS 6 


cos (wi + 5) 


Mo)Un\ Wn/ 


F M 
M k 


F 

k 


= a-n 


At t = oc , I = 0. The oscillation begins at a? *= a^ii and ends in 
the middle position. 
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If the springs are vertical, as shown in Fig. 16, the equilibrium 
position will be below the center line due to the weight of the 
disk. 

Problem. — Suppose that a force F greater than the weight 
had originally been applied so that the position of the disk was 
that indicated above the dotted line and that the force F had been 
suddenly removed. Give the equation of Xu the distance of the 
disk from the center line after the force was removed. In this 
case, the following relation holds during the first part of the cycle, 
that is, during the time that the mass is being raised 

F — W being the force available for accelerating the mass, over- 
coming t he resistance, and cornpressing the spring. 


:.{F - W)1 = x{pm + fp -f A) 
or 

(F-W) . 

pm +fp + k 

The final position 

F - W 

x„ = 


(26) 


During the second part of the cycle, that is, when the external 
force has been removed and the system is free to oscillate under 
the action of the force of gravity alone, we can apply the same 
reasoning, or, briefly, we find a new fictitious force F' and cal- 
culate X\ due to that force, then add to this the value of Xu to get 
the answer. F' must be such that when added to the original 
force F — W the result will be —W. 

.-.F' + F - W == -W 
or 

F' = -F 


Xi = - 


F 

p^M + pf + k 


1 


therefore. 
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The solution of this equation, using the expansion theorem, is the 
sura of a constant term and an exponential term. It is 


For 


Ji 


F 

k 


Ft-' 


Afeowo 


cos (trii + 5) 


X = Xo + Xi 



w 


F _ Ft 
k 


W _ Ft cos (w< + 5) 
k Mftxon 


cos (wt + 5) 
Muwo 


t = 0, X 


W F ^F -W 
k k 


For 


t = 00, 


X = 


W 

k 


The chart would be similar to that shown in Fig. 17, if F = 2W. 
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THE EFFECT OF SHORT-CIRCUITING CERTAIN SECTIONS 
OF A NETWORK AND OF INTRODUCING NEW 
IMPEDANCES BY CLOSING A SWITCH 

Consider as an illustration the circuit in Fig. 18. Switch S 
is closed after the original current is steady; find the equation of 
the current after the switch is closed. 

E 

Before the switch is closed, a steady current 7 = flows 

r + ri 

in the circuit and an e.ni.f. e = J/'i is consumed by resistance ri. 



FiCi IS. 


The e.m.f. itself is obviously -~7ri and this e.in.f. exists across 
the switch blade. After the switch is closed, there is no e.in.f. 
across the switch blade, so that closing the switch is equivalent 
to adding suddenly at the switch an e.in.f. +/ri, shown in dotted 
lines. The sum of the c.m.f^s across the switch blade is, therefore, 
zero. 

This e.m.f. +Iri1 causes a certain current to flow in the circuit 
so that the actual current after the switch is closed is the algebraic 
sum of the original current and the transient current due to an 
(*.m.f. Ir\1 at the switch 

I 

Kifi. 19. 

It is advantageous to redraw the diagram as shown in Fig. 19 
(the resistance of the original battery is assumed as zero). 

49 
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The transi(‘n( eiiiTeiit. in circuit r + pL is 


Iri . lr^ 

Z = r / = 

r + pjj r 


1^,7/ 


The original current was I and was in tlu* same din'd ion as lh(' 
transient. Thus, the total current is 


/ = / + /’■‘ 1 - e 
r L 


At the moment that the switch closes, ^ = 0, the current begins 
at its original value and then rises to a final valiu' E r at / = x . 
In the other branch, the transient current due to e.m.f. h\ 

rises at once to 7 ^’ = /, and this current flows, as seen in the 
r\ 

diagram, in opposite direction to that originally in th(' resistance. 
Therefore, the current in r\ falls at once to zero after the switch 
is closed. 



Via. 20 


Figure 20 illustrates a similar case where in closing a switch 
the constants of the circuit are changed. The method of solving 
the problem is practically the same as in the previous case. A 
fictitious e.m.f. is introduced between the switch blades, the 
value of which is the e.m.f. consumed in the shunted branch 
just prior to closing the switch. This fictitious e.m.f. causes 
currents to flow in the network, and these currents added to the 
original currents give the actual current. 

Figure 21 is Fig. 20 redrawn for convenience of analysis. 

Problem. — Find current i after the switch is closed. Com- 
paring the diagrams, it is readily seen that current i is the current 
in resistance r 2 . 
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The resistance operator for the entire circuit (Fig. 21) is 

I 1 . ^ 1^2 

^ " 1 “ /I . 

pC r, + r2 

the total transient current, in = 

z 


a. 


I i<* Jpj 


-T 



Kic. 21. 


This current divides through the two resistances so that 
, r, 

l‘i = , In 

ri + ri 

. ^ Jrr pdr, + rt) ^ 

' ' * Ti + /•2 /i('V,,(ri + r») + r, + r2 + pCr^ri 
^ Ir^^pC ^ 

r> + ri-\- pC (/•ir2 + rir., + r^rs) 
and tlie actual current i is the sum of the original and this 
transient. That is, 




E 


. 1 + 

2 


pCrr 

rj + To + pC{rir2 + rjr., + rgr.O 

E 


r\ + r. 

Tlie first t(Tin is simply ^ . The second may bo solved 

r\ + r2 

either from the operator directly or by the expansion theorem. 
It may be written 


Ap 


where 


or 


B + Dp 


1 = 


a = 


Z> p + a 

B 

D 


= — 


. i — 


E 


Ap 

B + Dv 

Crj^ ^ 

C(rir2 + Tin + r2r^y 

.2 


■—at 


1 + 




ri+r2 


ri + r2 riVz + + r2ri 


C rira+rir»-|-r*rj 





52 

For 

For 


HEAVISIDE’S OPERATIONAL CALCULUS 


t = 0 

i = ^( >*1 + n ) _ 

rtr. + rin + r^rs 


f = X 

fJ 

t = — , 

ri + rt 



Fi«. 21a 


While this chapter deals primarily with the effect of switching 
after the circuit has reached its stable state, the same reasoning 
applies even though that be not the case. 

Consider the case shown in Fig. 21a, which is redrawn in Fig. 
215. Switch R is closed at i == 0 and switch at / = ti. The 
problem is to find the current at any time. 

In Fig. 215 a battery has been substituted which gives a 
peculiar e.m.f., namely, that which would exist across r, if the 
^ + circuit were left in its original 

r-Lcj-i state. This battery causes a 

* * “ " current which adds itself to the 

original current in the con- 
denser but subtracts itself from 
that originally in resistance rj. 

Since the condenser carries 
the whole current before as well 
as after switch B is closed, it is evidently the current that is 
desired. The original current through the battery is 
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where 


rn = r -h ri ami an = 

(^rn 

Tlie voltage consumed by the resistance /‘i, which is shown as 

1 • 1 1 _ # 

(\ IS obviously v = i\r\ = e 

rn 

This voltage causes a current to flow in the circuit r + which is 


E 


?2 = 


r\ 


r + 


1 

pC 


.(j-w/) 


= /?'■' jf', Ai »‘'i) = E''' ^ (£-“»'/) 

rii rpC + 1 /To y? + a 


where 


f^r 

It will bo shown in Chap XlII how is “shifted^' to the left 
and we get 


fo = 


Eri p — an ^ 
/Tn p — an + a 


" / can be solved by the expansion theorem and 

p + a — an 


becomes 


1 


|-a„ + 


a — an 

/ - is used, since time begins after switch B is closed. 

,*.?•> = c" ^ I 

/Ti) a an a — an 




I 


- <a - — 


_ 1 / 

ro_ 


Is this what could be expected? At t = U, the new current is 

We know that at a sudden change of impressed e.m.f. on 

n*o 

a condenser it acts as a copper wire ; thus, the instantaneous current 
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due to c.in.f. which is the e.m.f. tliat exists at t — ti, 

^(1 

is nioroly this e.m.f. divided })y the resistance ?• in series with the 



Fig. 21c. 


condenser, which checks the result.. Th(' total current flowing 
after / = /i is = /i + /2 ur 

/*(! = ^ ^ [ 

/•(i /‘n /• I 

^ " Olul 

— JjJ - ^ - (a^auUt — ti) 

r 



up to time t = /-i, tlu' current is 

/o = t **■'' 

/•(» 

The chart looks something like that shown in Fig. 21c. The 
student should work out a similar problem, where instead of 



the condenser, a coil of inductance L is used, as shown in Fig. 
21d. The solution is, up to time i = b, 
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after time ti it is 

K Kn , Ut-u) E -ytr -:t 

r rr„ rn 

and the chart is something like (hat shown in Fig. 21r. 

Switching Problem Involving Alternating-current Voltage. - 
Referring to Fig. 21/, which is redrawn in Fig. 21(7, the switch 
across ri is closed after the circuit is in steady alt(Tnating-cur- 
rent state at an instant when the e.m.f. wave passes through its 
zero value. 



Vk. 1 * 1 / Fit,. 


(Jive the e(iuati()n of the current before and after the switch 
is closed. 

Before the switch is closed, 

r +■ ri + pL 


Tsing vector representation. 



II 

+ 

1 

.k. 

=1 
+ jwL Zo'- 

where 




Zo - y/ir -{■ ri)i + 

and 

. uL 

tan ^ = , — 

r + ri 


Thus, if 

e = E sin w/, 

E . , 


? = « sin ( 
^0 


Eri . 


and the voltage consumed by the resistance ri is Ci = y sin — (p ) . 


Now we replace the switch by an alternator of voltage cj 
as shown in Fig. 2lg, This alternator sends a current 




sin {ut — V") + V win {ut — ip — a) + !-]« i-' sin {ip + a) 

/j /j 

(Uicck as to wh(M.hor or not this is reasonable. For ^ = 0, th(‘ 
two last terms cancel out, and we pjet the right result. For 
/- = X , the third term disappears, and when the remaining two 

E 

are combined and simplified, we get i = sin (wf — a), which 

/j 

is the right result. 




CHAPTER XII 


THE EFFECT OF SUDDENLY CHANGING THE CIRCUIT 
CONSTANTS BY OPENING A SWITCH 

Referring to Fig. 22, assume that the circuit has reached its 
permanent condition before switch S is opened. Before it is 
opened, a steady curnmt / flows through. After it is opened, 
zero current flows through it. 

If, therefore, we substitute for the mechanical opening of the 
switch a certain peculiar e.m.f. in flu* switch, which at all times 
after t = 0 gives a steady currcmt —/, we have accomplished 
the same result. Figure 22 might advantageously be redrawn, 
as shown in Fig. 21^ 



22 . 


The current caused by the peculiar e.m.f. divides in the two 
circuits in parallel, so that the current 7i in n and tlw* total 
current I are related as the admittances. 

'• = 1 Vi 

ri r + pL 



r + pL . 
r + ri + pL 


Note that unit function i is inserted. This is evident because 
the original current in the switch was steady and was +1. In 
order that the current shall be zero, — I must have unit shape. 

In this particular case, the initial current I = E/r, so that the 
current flowing in the circuit is 


fi 


r\r + ri + pL/ 
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F or / == 0, 

K 


Tli(' solution of Iho equation is easily found to b(‘ 


. _ 7 " 

'' r + r,_ 


r + ri e“ l 


This is th(' total current flowing:, because before the switch 
was opened there was no current in ri. 


.e=frtJ 



L r 

Vic„ 2:i 


If the switch had been shunted by a condenser, as in Fig. 24, 
the following relation would at once be apparent: 

i\ _ pC 

I r . 1 

r + pL 


.^7?/ pC(r + pL) \ 
■ * ‘ r \rpC + p^CL + 1/ 


An interesting problem is the so-called buzzer excitation used 
with wave meters in a fundamental circuit such as is shown in Fig. 
25. Here the equation of the current after th(i magnet has 
opened the circuit is obviously the same as in the above case. 

Solution of Equation (27) by the Expansion Theorem. — The 
expression is really the sum of the two following terms: 


in which 


p^ + 2ap + o)ir P“ + 2ap + wo" 


ECr E 


and 


^ ECL ^ E 
' rCL T 
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Let 



Fig. 24. 


In both cases, = 0 gives ;> = —a ± jo) when oscillation 

( 1 \ 
that is, when land w- = w,,-' — or 


and 


and 


Thus, 


dZ o / _L N 
^dv = 


^•dv 


_pfii_ 

2(p + o) 


* (?0 

dz 


for the second. 

A\ •A\ f , 

= o - = -Jo 
2jw 2a> 


p ^ pi = —a \ Jot 

B, 


first term and =„*(«+ ja) for the second. 
2co 



Fig. 25. 

Referring then to equation (22), Chap. VIII, 

A for the first term is = 

\ 4w2 2a> 2Lo> 

and 4 for the second term is ^ --v/w* + - 

2a) ^ 2ro) 
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For the first term, cot 8 = — ^ or 5 = —90° 

2(0 

for the second term, tan 5 = a/ u 
l',n)/Z((i) in both case's is z(‘ro; therefore, 

I, = COS {cot — 90°) + cos {<ot + <l>) 

L(o rco 

where tan 0 = ^ 

(O 

= coH{cot - 90°) + sin {cot + 0i) 

Loj rco 

where tan </>i = For / = 0, 
a 

JUiOito) K 
r(o<oo r 


The condenser current is the entire original current at t = 0. 

In solving this problem, the two following useful operators have 
been obtained: 


ilip 


p- + 2ap + (Oo 


,i and 




-|- 2otp + (Ou* 


In f'hap. XXIX is given a long list of useful operators. 



CHAPTl^R XIII 


HEAVISIDE’S “SHIFTING” 

Heaviside writes (on p. 294, Vol. 11) 

f(p)u€^^ = + o)u* (28) 

where /(p) is a function of p, usually written }\p)/Z(p), and u is 
some function of t. It may, for instance, be sin (a>< + a) or 
men'ly the unit function depending upon the problem. 

Proof. — First lct/(p) be p. Then the left-hand side of equa- 
tion (28) becomes 

})(((€"*) = 

= t"^{p -h (i)h 

which satisfies the right-hand member of equation (28). 
Similarly, 

p"(Mt"0 = €‘^^(p + a)"u 

It is seen that equation (28) holds for /(p) = p". It will, hold 
therefore, for any function of p which can be expanded in a power 
series. It can be easily shown that the rule also applies for 1/p. 



Vui 2(> 


To illustrate the use of this relation, assume that when switch 
S is closed in Fig. 26, a voltage E€~^* is applied to the inductive 
circuit. Find the voltage consumed by the inductance. 

'* It would, perhaps, have been clearer if it had been written f ip) = 
+ a)w, because f(p) operates on 
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If unit e.m.f. had been impressed, 

El 




and 

Put 

and 

then 

or 


r + pL 


c. - pL,- . ^ J, whorr a - [ 

. 

M.t‘" = Ec »'1 
V 

, should operate on Et~^‘i 
p + a 




_ V 


{Ec »')1 


(2t)) 


p + a 

But we do not always know how to operate* on a function of 
t, and, therefore, some! transformation frequently must be made. 
The theorem given above says that can be shift'd outside 

the operator if, in /(p), that is in ^ P is changed to p — (i. 


c, = Er^' 




p - ^ + a Z^P)~ 

By the use of the expansion theorem, we find that 

^'"7= ^ [at- -|8] 

Z(„) a — Q 


np) 
€, = 


E 

a — 




m 


As a matter of fact, in this simple case, this transformation was 
not necessary, because it is known that (Ee-^^)i in equation (29) 

can be written E \ J* Therefore, the solution with every 
term in p is 

p^ . 

Ip + «)(P + 6) 

which could have been solved by the expansion theorem and 
would have given the solution shown in equation (30). 
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The shifting operation, of course, works both ways, and soni(‘- 
tinies it is an advantage to reverse the operation. Thus, assume 
that we have an equation 


This could be written 


p — a 


^ -fit J! __ y 

p — a 


can be shifted to the right, that is, back of a new operator, 
if, in the new operator, p is changed to p — fi. 

Then equation (32) Ix'comes 


Since 


Thus, 


(6+^'/) 

p - 0 - a 

ij equation (31) becomes 


7> - 

P - 1^. V 

p - ti - ap - ti 


1 = e-» 


p- H-a 


and for (i = a 


p ~ a 


p - a - P 


-V i = i 

p — a p — 2a 


Note that in shifting to the left we r(»tain the sign of the expo- 
nential, while in shifting to the right we revcTse it. Thus 

— ^ (*-««/) = i = ,-^V - 

p + a p + a — a p 

= = e-“‘(l - af)/ (36) 

and 

/ = P + “ U-at-l) = P. -L® . _P_. i 
p + a p + 2a^ p + 2a p + a' 

- 

"(p) "(P) "(p-a) 

— _J -/ 

P Ot 


( 38 ) 
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— = — — > WO cot from oqualion (38) 
Zw y/p + « 


\//> -i- a 


p — a 


\/ p — ot + a p 

^—od 

y/irt 


This relation is explained in Chap. XXI 1 1. Thus, 


1 = 

V 7> + « 


p (It 

Jo 


'/.-/I + 2«' + + 

, ^ I ^ I -s-s ^ 


) (40) 


Another Example. -A certain problem ftiv(‘s the following 
operational solution: 

= (41) 


_? i 

p + 2a 


Find the numerical value of y. 

The general method outlined in Chap. I would he to write 



and then to expand 

(' ' 

in an infinite series; thus: 



Equation (41) may be written 
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(\A 


Now shift to th(^ right and ohang(* operator. Substituting 
for p,p — a, 



'Fhis gives 


y — t 



1 4 !“U 

2 /r 


1 :i «' l •:< ■) cv" 

2 2 4 (> p- 


1 + 


1 aV- I '.M* I '.i 5«'7'' 

2 2! 2-4 4! 24 () (5! 


(a/, 2)2 («^ 2) ' (a/,2)« 

^ i!" 2)2 


= wf)/ 


1 

a) 

(4H) 


/ 

'/ 

(44) 


/o (/aO is the Bessel fuiietion of the 0th order with tlie iinaRinary 
argument iod. Heaviside uses the notation In(at). 

In order to illustrate a point that may cause soiiu* confusion, 
anotlu'r example will Im* given. 

C’onsider an inductive circuit to which is applied a voltage 
E(-^ cos u)t at t = 0. The conventional relation would then be: 


Et~^ cos uf = ir + = /(r + pL) 


// 

It has been shown in ('hap. VI that cos wt = Thus, 


’ r4- 


pE\ />■ + to*'/ 


Here we desire to shift t~'“ outside, and the rule was to do so 
while at the same time p is changed to p — Thus, we write 


i = Et ^ 


1_ 

r + lAp — ti) 


/ 

//2 4 - « 2 ' 
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Tlu* proct'duro is then to solve for 

!_ . i 

T + L{\} — (i) V' + 

and then nudtiply the result by Kt~^ to get i. Z(p, — 0 

T 

^ivos throo roots: p\ — 0 — , , pi = + Ji-nd so 

Ij 


that ?i = -46^^ The last two terms com- 

bine to the permanent term as d(\scribed in Chap. VI. The 


Y 

coefficient, for the remaining: term is , . ^‘*1 ,, , for p = p\ 

Vh2{v)W{p) 

where hn{p) = p- + o)-, and/ii(/;) = r — L/i + pLy and I'f,,, = p^ 


,\A = 


/r 


P 


For p = V\ 




pLi/)^ + w") L(p'^ + to*) 

r 

L fiL — r 

~ (Hir- rV 


The permanent term of it corresponds to an impedance 
(r - 0L + juL) or 

Z = -y/ir - + o,VJ 

EifiL - 


where 


.-.t, = ^c«s(to/-3)+ 


tan 5 = 


Therefore, 


coL 

r — IjL 


i = ^ OOS (cot - h) — E yj e 


fif 






COS (cot — 5) — € cos 5 


The same result could, of course, have been obtained without 
‘‘shifting’' by the use of the operator for cos wt given in 
Chap. VI, In that case, the operational solution is 


P(P +_/3) 1 Y 

(/» + + CO* r -f pL 



CHAPTER XIV 


DUHAMEL’S INTEGRAL 

The ust‘ of Duhaiiiers integral is often very advantageous when 
dealing with an impressed e.in.f. which is not of '^unit-function^' 
shape. It is especially convenient when dealing with problems 
involving “distributed" constants, as is the case in transmission- 
line or heat calculations. 

The procedure then is: Find, first, the solution in the case 
of unit function; let this be ipif). L(*t «r(d) be the value of ip(t) 
wh(‘n # = 0. Let the impressed e.m.f. be v(t), and let e(//) b(^ 
r(0 when it is substitut(‘d for / Then one form of the* solution is 

^ (in) (4''j) 

Another form is given in ecjuation (4()). 

Before giving the proof of equation (45), 
it may be well to illustrate its use in a 
particular case. Find the current if an 
e.m.f. e(t) = E sin {ojt + <p) is impressed 
on an inductive circuit as shown in Fig. 27. 

The solution with unit e.m.f. is 



^lu. 27. 
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wluTe 


c(ii) = E sjii {(i)U + tp) 

nu^t ] r 

* / =:r I E sin (o)U + ip) 
.;»=o 

1 /*u=t r 

— ^ e I e/^” sill {o3it + p)<lu 


AT sill (cj/ + (/? — 5} — e '' sill ip — o) 
l\ Ir^ 


= y Sill (a;^ + «/? — 6) — € Sill (p — 5) 

/j 


Z = V;- + w^L*, and tan 5 



'27 a. 

The oxplaualion of this integral, which was given almost one 
hundred yeai-s ago by Duhaniel, is perhaps best made by referring 
to Fig. 27a. Let the e.m.f. lx* represented by the curved line, 
'rhe curved line can Ix' approached by assuming that at / = 0 
an e.m.f. cn suddenly is impressed. A short time afterward, 
another rectangular e.m.f. ci is added; sometime after, an e.m.f. 
Co, etc.; all those Ixnng of “unit” shapt‘. The current at time t 
is then the sum of the currents due to co beginning at < = 0, ci 
Ixiginning at / = » i, et c. The current due t o co is, of course, co ip(f) 
where <p(t) is the solution with unit e.m.f. impressed at / = 0. 



nVlL\ MEL'S INTEdEM. 


The current, clue to the small e.m.f. Ae, which begins at time u, 
is obviously Av'(l)(t — ?/),/— n bc'ing the time clasped since the 
switching of unit. Ac. Therefore, the total current at ^ is 

n=t 

I = (‘^ip(t) + Ac (t>{t — //) 


and thus 


Ac = e{u + du) — c(//) 

Ac _ e{u + du) - v{u) ^ j \ 
du du du 


Therefore, 

Ac = , r{u)du 
du 

/*u = t fj 

I = <'n<p(/) +1 (4()) 

Ju={) 

This, then, is one solution which is sometimes (‘onv(‘ni('nt lo 
use. The integral may be written 


X ['''ll 

r == ^{f - i() 
(IV = ,l(i„) 

r = e(u) 


•pit - n) ^f^fi>>)dii 


iu)<pit - ii) 


HtMO) - HOMt) + 


- 

,tz={) Jh= 0 
/•« = t 

c(0 + I 

Jm «0 






and the new expression of eciuation (40) becomes 


i = c(0)^(0 + c(/)^(0) - c(0)^(/) + 


«=0 




= e(t)<p(0) + 




which was to be proved. 
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Then*, urc, thus, in gonoral, throo ways in which prol)l(ui)s can 
he solved when an arbitrary e.ni.f. is impressed upon a circuit: 

1. It may be possible to convert the e.m.f. into an operator 
on i. 

2. If the arbitrary e.m.f. contains an exponential, Heaviside’s 
shifting’^ may be used. 

8. Duhamers integral may be used. 

To illustrate th(' three methods, consider an e.iii f. Ee 
impressed on a circuit of resistance and capacity in seric's: find 
the current. 

I vCr -f- I 

The resist anc<‘ operator is r + ' ' 

p( /)(' 

Method l.“Since E€~M — E the operational solu- 

P + ti 

lion is then 

2 = X i = EC — - i 

pCr +1 p + tl {pCr + !)(/> + fi) 

which, solved by the expansion theorem, gives 


Method 2 : 


EC (e \ 

' - 1 - scAtv - K’-y 

’ - ^<-r+ 


pCr + 

Shift €~^‘ outside the operator and get. 




i = ECt-» -‘P- A— 4 = 

0> - p)Cr + 1 


by the expansion theorem is 


1 


X-c’v)‘ 


1 - Cral Cr 

• ■ = I 

■ ■ ' 1 - Cr$[ Cr 


- n 




Method 3. — The solution with unit operator is ? = - 

pCr + 1 
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Put 


'I’hcn 


<f>iO = 



<p(t -u) = 


r 


d{t 

- - 

■ u) = 

Tr'* 

e(u) ■■ 

= AV^", 

iit) = 

A’e“^ and ^(0) = 

i 

II 

+ 

nu^t 

r,e-^" -,1 

- A,, , t di/ 


r 

J»/=o 

Cr- 


1 

II 

E - 

f',C' 


r 

( r- 

Jm =0 


1 

r 


EC t 
1 - Crd Cr 




In connection with the use of Duhainers intc'jicral, certain expres- 
sions seem to apjKar frequently. It is, therefore, advantageous 
to record them for reference. 


where 


or 


•t 

-at ^ 

Jm=0 


€“" sin (u)U + d)du 


_ sin (o)t + d — ip) — sin (6 — vO 

y/^oL^ + c*)^ 

nu =t 

^-at I ^au +6)d// 

Jm -0 

cos (oj/ + 5 — cos (5 — ip) 

-y/a* + co^ 


tan ip = 


fu=t 

I ^au «|_ 

Ju^O 

COS (w^ + 5 + ^) + COS {6 + 


Va* + 
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and 


where 


COS (cow +5)^/'^ 

»=-() 

sin (co/ + 5 + ^) — € sin (S '^\p) 
yj + C0“ 


tail ^ == a /(0 



C'HAPTER XV 


GENERAL EQUATIONS PERTAINING TO TRANSMISSION 

LINES, OPEN AND SHORT-CIRCUIT CONDITIONS 
OF “IDEAL” CABLE 

Heaviside devotes only a few pages out of about one thousand 
to circuits of concentrated resistance, inductance, capacity, and 
mutual inductance. The remaining pages deal largely with 
cable problems and more particularly with “ideal cables” where 
the numerical work becomes fairly simple. 

Consider a transmission line as shown in Fig. 28. 

Ivct the constants per unit length of transmission distance be 
R, L, C, G. 



Fi<i. 2H. 

The well-known relations between current and e.m.f. at any 
point, distant x from the end, is 

dx = iOdx + Cdx^^ (47) 

dx dt 

and 

= iltdx + Ldx^J* (48) 

dx dt 

From these we derive 

f ' = Gc -H C-t = Oc + pCe = c(G + pC) (49) 
dx ot 

= Ri + phi = i(R + pL) (50) 

* These (Miuations simply stale tliat the difference in curr(*nt on each side 
of the line clement dx is the lcakafi;e curremt and the charging current of the 
(4(»ment. Similarly, the (Uffcrcnce m voltage is that eonsunif'd by the resist- 
ance and the inductance of the element 

7 :^ 
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and from those, 

= (M + pLKG + i)C)e = iiH (51) 

whore v is a function of p but not of x. The solution of this 
equation is w(41 known. It is 

e = + ^26-"^ (52) 

= A 1 (cosh nx + sinh nx) + ^2(cosh nx — sinh tix) 

= (i 4 1 + ^ 2) cosh nx + (i 4 1 — ^4 2) sinh nx 
e = K\ cosh nx K 2 sinh nx ( 51 ^) 

where K\ and K 2 are determined from the terminal conditions. 
Since from equation (49) 

= (a + pC)e = Yc 

it follows thut 

i = yj'cdr 

.'.I = l-^i sinh iix + Ki cosh ru:] (54) 

For these equations, 

Y = 0 + pC 

and in subwquent equations we shall write Z = R + pL so 
that n® = YZ; therefore Y/n = nfZ (65) 

In the equations given below the Y,n form has been used. 
The other form n/Z is often preferable in determining the roots 
corresponding to Z{p) = 0. 





.. X 


Fi«. 29. 

Special Cases. — 1. Open Line {Fig. 29); Then 

/ = 0 for X =0; e = E for x - I 
E = K\ cosh 7il + K2 sinh nl 

0 = —[Ki sinh 0 + 1^2 cosh 0] 

7t 


^^DISTRIBUTED'' CONSTANTS 


75 


Since cosh 0 is 1, it is evident that K 2 must 1)(‘ zero. 


and 


and 


.*. e = Ki cosh nx 

E 

E - K\ cosh 7 ?/, or A"i = 


^cosh nx. 

^ - ®c»h ,/ 

^ X "’I 
n cosh nl 


under 

Heaviside 

conditions 


(50) 


The method of solving equations of this type by the expansion 
theorem will be shown later. 



Fi<i. 30. 


2. Short-circuited Line (Fig, 30); 

For a* = 0, the potential difference = 0. Therefore, 
for ar = 0, For x — Ij e — E 

0 = ifi cosh 0 + J'i ’2 sinh 0 
Ky = 0 

and 

e = K 2 sinh nx. For a- = /, e = JS 


sinh nl 
^sinh 7ix. 

. _ l'_cosh tUj 
' ~ n sinh nl 


under 

Heaviside 

conditions 


e = 0 




It is not difficult to solve equations (5(5) and (57) in the most 
general case, that is, with transmission lines having resistance, 
inductance, capacity, and leakage, as will be shown in Chap. 
XVII. 

At first in order to show more clearly the method employed, 
the application will be made to what Heaviside calls an ideal 
cable. This is a cable which has insignificant leakage and indue- 
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iancc and, therefore, only two constants — resistance and capacity 
per unit length. 

No such cable can exist, but many cables closely approach 
this condition. The most serious objection to the study of such 
cable is that the equations do not show the velocity of propaga- 
tion of the current and the voltage waves. The advantages are 
that the results obtained are satisfactory for all practical purposes 
and that the mathematical transformations are few. 

Open-circuited Case.— Referring to the open-circuited case and 
letting Fig. 29 represent such an ideal cable — or transmission 
line — we have, from ecpiation (5(>), 


and 


E cosh 
cosh id 


. _ sinh nx 
^ n cosh nl 


1 


The problem is to solve these operational relations by the 
expansion theorem. While it is not n('cessary, it is usually best 
to introduce trigonometric relations rather than hyperbolic. 
Engineers, at any rate, are far more familiar with trigonometric 
functions than with hyperbolic functions. 

In Chap. XXIX, it will be shown that cosh jn = cos a, and 
sinh ja = j sin a. If, therefore, we write then n = ±jm 

and 

cosh nx = cosh ( ±jmx) = cos mx 

and 

sinh nx = sinh ( ± J//i.r) = ±7 sin inx 

„cos nix. 

.'.c ^ E ,/ 


^(jo = 0 gives cos nd = 0; thus, ml = ( ±7r/2, ± 37r/2, ± 57r/2) or 
- 1 , 

± 2 


m = 


2tS — 1 TT 
- 2 I 


(58) 


where the first value of s is 1, the next 2, etc. We could 

2s -|- 1 

also have written ml = ± — g — ir, in which case the first term 
corresponds to s = 0, the next to s = 1 , etc. 
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The question may be raised : Is it permissible to use the expan- 
sion theorem? Perhaps one of the roots of p is zero. If so, 
P(P)/-^(/>) would be infinity when we substitute p = 0. To test 
it, we have 

71 “ = (K + pL){(i + pC) 


for p = 0 


/r’ 

. Poo 


K(t or n = ±\/ K(r 

cosh X y/ HU - 

. for p = 
cosh I y/ HU 


This is not infinity. 

In our case, G = 0, and thus = cosh 0/cosh 0 = 1, 

for p = 0. Thus, we conclude that the expansion theorem can be 
used. Let the problem be to find the voltage difference between 
the two lin('s and the current flowing at any point x (measured 
from the end of the line) at any tinu ' t aftiu* a storage battery 
of voltage E has been connected to this '‘ideaT' open-circuited 
cable. 


<fZ _ (IZ dm 
dp dm dp 

but, from equation (51), = pCHy 

= CHdp, or Also,p= 

Therefore, 


and thus — 2mdm 

and = — isinm/. 
dm 




Note that since p — 


nr- 

CR 


, there is only one value of p corres- 


ponding to the two values of m, that is, corresponding to the 

2^. I ^ 

roots ± . It must, of course, be remembered that the 

L 

Heaviside expansion theorem is a summation over the roots of 
p and not the roots of m. 

After this digression, we return to equation (59) and note 
that for N = 1, sin mZ = sin ^ ^ J for s = 2, sin ml = 


sin 


Stt 

2 


~ 1 ; etc. 


Thus, 

7nl . , 

— ^ sin 7nl 

A 


ml 

2 


(- 1 )' 


(60) 
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Thus, 



S — <K 

« = 1 


2(- D’ 

ml 


cos mx • c 




Since l'(n) has been shown to be equal to 1, we get, when 
substituting the value for m, 


c 


-= K 


1 + 


2 


cos 


2s 


TT.r 

Z 


2s - 1 


(28-1 )V2 
■ 4CRt^ 


(hi) 


To find the current, substitute the values of Y and /t in eciuation 

(5(>). 


1' 

n 


y since tr = YZ, thus ^ = y 
Zi R /j 

,jn sin mx. 
i = -A’ 

K cos vil 


±j>n 

R 


dZ . 


Rml, 


pr- , in this case, obviously Incomes - ( — 1)', i*— = 0. Thus, 
dp ^ "(0) 


'•= S 


2t: 

Rl 


( — 1)' sin mx e" cn' 


( 02 ) 


where vi is defined by equation (68), using the positive sign only 
At the battery, x — 1. . . e = E for all values of t, and 


2E\ 

' ~ /e4‘ 


" t 

U'KI^ + 6 it'Kir ( 




■ ] 


(03) 


At Z = 0 and a: = Z, equation (02) is non-unifonnly convergent, 
and, hence, equation (03) cannot be used at Z = 0. 

Equation (63) converges very rapidly with the smallest values 
of Z, so that we can write, with a very fair degree of accuracy, 


i 



If I is large, the current, which is initially large, persists for a 
considerable time ; if Z is short, the current dies down rapidly. 
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Thus, in the case of a short “ideal ’’ line, the baitery current is 


. 2E _ , 

I = ,j-6 !«•''» 
Jlo 


whore Rn and Co are th(' total line resistance and capacity. 

In a circuit consisting of concentrated resistance and capacity, 
the current is 

A’ _ 1 / 

I =z e ('alio 
ilO 


It is thus evident that an ^Mdeal” line or cable may, with fair 
degree of accuracy, be repres(mted by placing th(' line capacity 
in the middle of the line. The initial current is, for all practical 
purposes, 

2E 
' Rl 


Short-circuited Case, — Consider, next, a short-eircuited “ideal” 
cable as is represented in Fig. 30. 

Substituting m for n, as in the previous case, equations (57) 
become 


e 


^in mx. 
K . 
sin vil 


_ cos mx. 
^ R sin ml 


(04) 


= 0 gives ml = 0, tt, 27r • • ' or ’^ or m = ± ^ (05) 


where 


5 = 0 6 = 1 6 = 2, etc. 


Again, we have to question wheth(»r p = 0 is one root. = 
(/? + pL) {G + pC). As p approaches zero, /? also approaches 
zero, in the “ideal” cable, 

sinh 7ix _ 7ix _ .T 
sinh nl nl I 


which is not infinity. Therefore, p = 0 is not a root and the 
expansion theorem can be used. From equation (65), m = 0 
when s = 0, and with this value we get the constant term 
Y( 0 )IZ(Q) ^ xll Therefore, when using Ym^ZiO) we should 
begin the series with 6=1. 
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In solving for < , 

dZ dZ dm 


and 


di) dm dp 2m) 


= (I cos ml)/ 


dZ ( mn „ ,, / (7A 

r « 

.r -^2 sin mx 

I ml (JOf; 


ml cos ml 


= E\ 


2 sin mx 

cos ml 


or since cos 


= —1, + 1, “1, etc., and m — .vtt/Z 


r = E\ 


. iiirx 

* e ('Hn sin j 

f + 2 X(- 1 )‘ 

* •''‘TT 


By a similar calculation, the current is found to be 




E 

Ell 




1 +2 2(-l)Vm»‘cos®^* 

a = 1 


l' 


At the end of the line, j = 0, and there 


( 66 ) 

(67) 


1 + 2 

In Fig. 31 (curve ^4.) are shown the values of the current at the 
end of such a short-circuited cable. It also reprc'sents the current 
quite accurately, if the receiving device is of small n^sistanee 
compared with that of the cable. 

The unit of time taken is T = This particular 



value was suggested by Kelvin and gives a rapidly converging 
seri(‘s. 

The exponential term becomes 

aVa ,4 , 


. __ E\ 
~ Hl\ 


1 +2^(- !)• 
a = 1 


The particular values used pertain to a telephone cable No. 19 
B. & S., 100 miles long where 

R (per loop mile) = 88 ohms 
C (per loop mile) = 0.054 microfara<l 
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The unit of time T bccomeH, then, 2.77/1,000 seconds. 

Curve C shows the shape of the current if the battery had been 
connected to the cable during a time interval T after which the 
cable had been grounded at the battery. Curves D, E, F, etc., 



Fig. 31. — Current at roroivinK end of closed No. If) H. & S. telephone cable 
Curve current due to applying E at t =0. 

C'urve ]i, current due to —E after an interval T. 

C’urve C, actual current which is the sum of the two. 

(’urves D, K, h\ etc., resultant current when the battery is groiindi'd after 
intervals 'IT, WT, AT, etc. 

('onstants of cable. 

C = 0.054 microfarad per mile of dist.unce. 

= SS ohms per mile distance. 

T unit of time taken as the “retardation.** 
m 2/2C5J, 4 

' = , If'K rr 

T = f(ir 1 =100 milps. 

show the received current if the battery had lieon connected 
during intervals of 2r, ZT, etc., before grounding. 

The method of arriving at these curves should be apparent 
from the discussion in ('hap. X. 

Curve C is the sum of the original current beginning at / = 0 
and a reversed similar current beginning at / = T, as shown in 
curve B. 



CHAPTER XVI 


AN ALTERNATOR SUDDENLY CONNECTED TO AN 
“IDEAL CABLE” 


Let the problem be to find the value of the voltage al any time 
and place on a short-circuited cable (Fig. 32), if Ihe impressc'd 
e.m.f. is E cos wt and if the switch s closed at t = (I. 



) 


Fk ;. :\2 


Wo may proceed by either of two routes- by the use of operator 

>2 (from Chap. VI) or by the use of Duhamel s 

integral (from Chap. XIII). 

In the first case, 


„sinh nx . ^sin mx 

= ^ • u 7 Y I or - 

sinh fd p^ + w** sin ml />- 


+ 0 )' 


-J 


m 


^ip) = 0 gives two roots ± jw and a series of roots m = stt/J, 
as discussed in Chap. XV. The pi'rmanent term corresponds 
to the two roots ± jeo, and it is usually simplest to determine 
that term in vector form by introducing p = jw in the operational 
solution for the unit e.m.f., as has been shown in the footnote; 
(^hap. IV. 

y^sinh NX I . 

= ^sinh «r 

Thus, 


= VjV'<oCR = [45° = -b j) = a(l + j) 

Therefore, 

^ psinh [ai-(l -|- j)] 
sinh |of(l -b j)] 
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8 . 


but the magnitude of sinh (o + j6) is ■y/ sinh'-* a + sin* h and th( 
slope is obtained from the relation tan ip = coth a tan b (scm 
Chap. XXIX). Thus, 




= 

\ SI 


sinh* ax + sm* M.r 
sinh* al + sin* al 1^' 


when' tan ip\ = coth ax tan ax and tan ipi = coth al tan al or 
,, /sinh* ax + sin* ax 


/sinli-( 
~ sinh* 


COS (cot “h — ^2) 


al + sin‘^ al 

To calculate' tlie Iransic'nt torin, it is b(\st to n'sort to tho mot hod 
shown in C'hap. VI. Lot 

= sin 7nl and /? 2 (y,) = />“ + to" 

It is thon noc(‘ssary to find 

Y 

^ t/O 

W^2iP) ^ l(i^) 

= pt —m* = jpCR 


and 


= -2 


Vhiip)h'x = ^^"^2 + "*^2^ ®o® 

= {m* + 

Ttl^ 

F(p) = Ep^ sin mx = sin mx 


(P) _ 


2Em^ sin mx 


thus 


and 


ph 2 {p)h\ip) l{o3^CHi^ + 7n'*)cos ml 


2.B'(-l)‘.sMsin''^-^_ .v* 
I , 


e. = 2- 






e = Cp + Ct 


In using Duhamers integral, it is again best to drop the tonus 
pertaining to the permanent condition and to use the integral 
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only for the transient term. It should be noted, however, that 
it is not necessary to do so. It is merely less laborious and the 
result obtained is in a familiar form. 

The solution with unit function was shown to be 


(‘ 



+ 25 ;(-l)‘ 


c sin 


.V7r.r 

I 


Note that the only term involving i is the exponential; every- 
thing else is constant as far as t is concerned. 


^(/) = ^ 

- u) = A-t— «-') + 

r(u) = E cos w// 
e (t) = E cos u)t 

. STT, 

sm y 


One part of the permaiK'nt term is, therefore, 
E<t>{{)) cos o)/ 


Referring to equation (45) (C'hap. XIV), the second term 
becomes 


= '—ka 


€ = I — cos oju du 

Ju^O 

cos (evt — ^) — cos ip 


\/ 


, where tan (p = 


(V 

a 


Part of this expression belongs to the permanent term. The 
transient part is 


Eka^ 

^ (a2 + w^) 


Ekat'^^^ cos tp 


t’t 


Va* +" 


= 22 


4*1 


E^—iy . swx 
* sm * I 

tSTT I 


__ C^RH* 


t 

cm^ 



ALTERNATOR CONNECTED TO “IDEAL" CARLE 


85 


which, by substituting, becomes 

2 ^( — l)*s*ir* sin 

«“ 1 


It may bo of iiitoroat to detormino, also, the value of the per- 
manent alternating current under this condition. Referring to 
equation (57), 


/ = 


^ cosh 7ix _ ^ /cosh^ ax — sin*-* ax j 
20 sinh nZ 2 o \sinh** aZ + sin^ aZ - “ 


where tan ^3 = tanhaa; • tan ax. Since 


?0 = 


Z 

71 


R 

y/])CR 





cosh*- ax 
sinh^ al + sin*^ al 


sin- ax > « I ARO 

V’.'i ““ ^2 “T 


and the instantaneous value of the current is 




cosh-* ax — sin- ax 
sinh*-* al + sin- al 


cos (coZ -f- fpn — <^2 "b 45°) 


The current and voltage vectors are displaced at an angle 
{P'2 — ^3 — 45 . 

Therefore, the power at any place if E is the maximum value 
of voltage' at the generator is 


P = 


El 

2 


cos (^2 


*P? — 45") 


_ luC fcosh^ 
2 \ /^ \ sinh® 


ax — sin-^ ax 
ai + sin**aZ 


cos {(P 2 — ^3 — 45°) 


E is the maximum value of the voltage. 

If the ideal” cable were very Zowgf, then sinh al = cosh al and 
both are very large compared with sin al and cos al. The power 
given by the generator {x = Z) is, then, 


■ 


E^ W 


cos 45' 


E^ I^C 
2\2R! 


since tan ^1 = tan ^ 3 . 

The current at the generator would be i = cos(a>Z + 45°). 
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TRANSMISSION LINE HAVING ALL FOUR CONSTANTS 

R, L, G, AND r 


Lei the problem be to find the current in a short-circuited 
line at any time and nlace after a storage battery has been 
connected to the circuit. 

The general operational solution, as shown in diap XV, is 


cosh NX . 

1 = E i = 

n sinh nl 

«?/ cosh nx. 

Z sinh nl 

((59) 

r,m cos 7nx. 

Ery . , / = 

Z sin ml 

,, m cos 7nx . 

^{R + pL) sin ml 

(70) 


Since Z^p) is a product, (R + pL) sin ndy one root will be p\ = 
R 

— j . The other will be a series of values corresponding to sin ml 


ftir 

= zero, or ml = ±.S7r, or w = ± ^ , beginning with 6 =1, 

since the value corresponding to p = 0 is taken care of in the 
F( 0 )/Z( 0 ) term. 

The solution, then, will contain three sets of terms, the first 
corresponding to Y^o^/Z^u), the second corresponding to the root 

Pi = —-fy and the third a series, or 

Li 


i = E 


r.o, 


-I- - -L V --- 

^ Vhx\p)hilv) 


Y{p) 


phi(p)hi(p) 




1. Find F( 0 )/^'( 0 ). 

Since 

ri^ = {R + pL) (G + pC)y n = for p = 0 (71) 

and 

Z(o) = R sinh nl == R sinh ly/RG 

F(0) . 5.^5^ x\/RG 

>J(0) V sinh i\7 RG 
86 


( 72 ) 
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2. Find the second term. Let = R + pL and 

fiiip) - sill 

Then, referring to (’hap. VI, 

ph\\p)hi{p) = pL sin ml 

Thus, 

phi'{p)ht(p), for p = Pi = — becomes -R sinmZ 

Jj 

Y{p) = m cos vix 

l)Ut 

- = (/e + pL) ((/ + pC) 

= p^CL + piRC + LG) + RG (73) 

If we sul)stituie p = pi = — we get 
It 

-w,* = j-.,CL - ^{RC + ///) + RG = 0 or ?m, = 0 

Ij 

Thus, Y(p)/phi'(p)hi(p) = 0/0. Wc must, therefore, find the 
value of this expression as m approaches zero. It is 

Y(p) _ hm ^ 

phi'ip)h 2 (,p) ~ »*=« — /if sin »«Z Rl 

Thus, the secon<l term becomes 



(74) 


3. Sin ml — 0 gives m = ± but 

-m* = p^CL + p{RC + LG) + RG 


thus, 



a depends, as seen, upon the line constants only ; /3 depends upon 
them and the particular terminal condition, also. In this case. 
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the case of a short-circuited line, sin vil = 0 gave m = ± ^ . 

Often, however, especially when the terminal condition is com- 
plicated, it is necessary to resort to graphs in order to find the 
root of m. This will be illustrated in C-hap. XVIII. 

We next proceed to find J)h 2 \p)hi(p): 


but 




d 

dp 


sin ml = 


d . , dm 

, sin ml , 
dm dp 


I cos ml 


dm 

dp 


(7S) 


-nr = p'KU. + p(JW + LG) + RG 
. dm ^ _2pCL + RC + LG 
* ' dp 2m 

2 [(f + c) + 2"] 

ph 2 '(p)hi(p) = —pi cos 7nl {R + c) 


thus, 

. ..XivL. 

pht'(p)hi(p) 


2A’/«“ cos ttiJT 


-pi cos ml(R + pL)CL ^ ^ "t" 


2 2 

By substituting m- = p and p = —a + one term results, 

which is multiplied by By substituting p = -a - jfi, 

another, similar term results which is multiplied by The 

two terms combine and the solution of the third term is 


E 


^’2 


2(-l)7cos''^-«-“' 


\l\sV i,Jl{ _G\ 
[fi\LP'^2^"\L C) 


sin^t — f/cosjS/J 
(79) 


The solution is the sum of the three terms given in equations 
(72), (74), and (79). 
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TRANSMISSION LINE WITH IMPEDANCE AT THE 
SENDING AND RECEIVING ENDS 

It has boon shown that when the transmission line is either 
grounded or open, no difficulty exists in finding the rootsof Z^p) = 0. 
It often becomes quite difficult, however, if the terminal con- 
ditions arc not so simple. 

Heaviside discusses such cases in various parts of his book. 
Since, however, his treatment is somewhat different from that 
which will now be given, it will be well to illustrate one or two 
cases. Let us take, for instance, the case shown by Heaviside 
on page 143 (Vol. II), illustrated here in Fig. 33, in which the 
long horizontal lines may be the insulated conductor in a cable, 
whose outside sheath is grounded. Zi and are concentrated 
impedances. 



'S VV^ 


T* 

I 


Fi«. 


Mi 



From previous consideration, it is (>vident that as far as the 
transmission line itself is concerned, the following relations exist : 


For x = 0, 
for X = I, 


e = K\ cosh -«x+ A', sinh «.r 
i = [Ki sinh Jix + A’s cosh wx] j 

c = C‘> = liZi = A'i(l) -|- () = Ai 
r = Cl = A'l cosh id + A’s sinh /// 


(80) 


But 


E = Cl + iiZ\ E = fuZs cosh id + A'* sinh id + I'lZi 

89 
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For a; = 0, 


For X = I, 


ni2 


h = ' [0 + A’»] K. = 'j 


?i = 

'M. 


i^2 sinh nl + cosh ul 


From those relations we obtain 

li = i2?2 cosh nl + sinh nl-h h 
> n 


= Lj 


Zi sinh nl + y cosh nZ 


1 . 


( 2 i+ Zi) cosh nl + [Z + YziZi] sinh nl 

‘th 

E 


= uA 12 = H('rc, Z = R + pL 
From C(|uation (SO), e = i2Z2 cosh nx + sinh nx. Thus 


22 cosn nx + y sinh nx 


€ = 


-El (SI) 


{zx + Z2) cosh nl + (Z + Yz\Z2) sinh nl 


From equation ( 80 ), after substituting, 

i = — ^2^ Z2 sinh nx + ” cosh nx\ 
n L 1 J 


Z'l 


^ sinh nx + cosh nx 


2 n 


(2 1 + 22) cosh nl +^{Z + Yziz^ sinh nl 
n 


-El 


(S 2 ) 


where 


n Z 

— ” 

Y n 


Special Case if 2i = 0 (Fig. 34 ), from equation ( 81 ) 

22 cosh nx + ^ sinh nx 

e 1 El 

22 cosh nl ^ sinh nl 

_ 22 cosh nx + 2(1 sinh 
22 cosh nl 4 - Za sinh nl 


{ 83 ) 



^^rONCENTRATEiy' AND ' DISTRIBUTED" CONSTANTS 01 


From equation (82), for Zi = 0, 


sinh iix + cosh nx 

. ^ £f) 

;2'2C()sh n 1 + a'nsinh /// 
At the ree(MvinK end x = 0. 


7 ?/ 


^2 = 


1 


cosh nl + sinh nl 
22 


-El 


and 


;^2 cosh nl + Zq sinh 




Fi<i. ;m. 


(S‘0 


(85) 


( 80 ) 


This current will be calculated in order to show the procedure 
when the roots = 0 cannot reatlily he obtained except by 
graphical means. 

Assume again, for the sake of simplicity, that we deal with 
the “ideal” cable. 

.*. = pCU 

If then m-* = ’-pCE and p = ^ (jR 



Fui 


Let the terminal impedance be a condenser of capacity Ci, 
as in Fig. 35. 


_ 1 CR _z R ^ [R ^ R 

~ pCi ~ 'C,m^ H y/pCR 'V c jni jm 
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Thus, since cosh jml = cos ml and sinh jml = j sin ml 

1 


ti = 


Ei 


CR j ,E . j 

— , cos Vll + sill Ml 

Civr M 

2 

CR 

= El 

— cos ml + m sin ml 

C 

^(/*) = 0 p:ivos tan ?/// = 

What is wanted, then, are all possible values of ?//,, ///i, m *^ wa, 
etc., which satisfy the relation tan ml ^ C 'C\7n 



Fio 36 

Figure 36 illustrates the method of obtaining these roots in “a 
particular numerical case. An ‘Udeal” cable (100 miles long) 
of resistance 88 ohms per mile, of capacity 0.054 microfarad per 
mile, is shunted at the distant end by a condenser Ci of the same 
capacity as that of the entire cable. Find the equation for the 
current at the distant end when the cable is suddenly connected 
to a source of constant potential E, 

The procedure used in finding the roots is to assign values to 
mly then to plot the corresponding tangent curves and the graph 

C/Cm. 
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Where these curves intersect, the roots are obviously located. 
These roots appear to be mi = 0.0086, m2 = 0.0343, m3 = 0.0643 
etc. To find 2*2, the current at the receiving circuit, we proceed 
in the usual way. 

In this case (the ''ideal” cable), 


n 


2 


= (N + pL) (G + pC) = pCK .* -m.2 = pCR 
dZ __ dZ dm. 
dp ^^drn dp 


dZ 

dm 


1 sin ml + 


C^ 

c 


[ml cos ml + sin ml] 




From equation (87), 


dm 

dp 



CR 
2 m 

/ (' \ C 

( / + sin ml 


F(0)/Z(0) corresponds to the steady case. Since we have a con- 
denser at the end of the line, the final direct current is zero; 
thus, 7(0) /Z(n) = 0. This can be seen directly by making 
p = 0, which means = 0. 

The solution for the current at the receiving end of the line is 





-E 


c 

sin ml + 


2E^ a cos a - “* < 

_ > . — c /e(7» 

Rl + sin a cos a 

a 


where a=ml and a is obtained from the equation tan a = CICiin = 
Cl/Cia. Figure 37 gives the current at the end of the line for 
E = 1. 

While Heaviside’s operational calculus is primarily used to 
determine transients, it must not be forgotten that his opera- 
tional solution is, also, most conveniently used to calculate the 
permanent alternating-current condition. 
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To illustrate this, assume a transmission lino connecting a 
generator and a load. Assume, as is often the case, that the 
voltage and current at the receiving end arc known. The 



Time, seconds 
Fui. 37 


problem is to find the voltage and current at the gcmerator or 
at any point of the line. From equations (SO), 

e = A"i cosh nx + K y sinh nx 
Y 

i = [A I sinh nx + cosh nx] 
n 

for a: = 0, e = (' 2 j and / = /-i, the known voltage and current at 
the receiving end. From this is seen that 

Ki = €2 and Kz = 

,\e = €2 cosh nx + 

and (^7f7) 

f ^ eo sinh nx + /a cosh nx 
n 

If the transmission lim' is short — say, less than 5 per cent of 
the length of the alternating current wave — then a fair approxi- 
mation to th(i true condition may be obtained by using only a 
few terms in the scries representing sinh 7ix and cosh nx. That 
is, if with a 60-cycle system the transmission distance is less than 
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150 miles, the following approximation is satisfactory— intleed, 
the method may fairly well be used up to lines 200 miles long: 


cosh wj* = 1 + 
sinh tix = n-r 


it-x‘ 


<’ = 62 


and 


1 + 12 + y = '’ajl + 2 J ^ 

Y , • r . , V I • r 1 j. 

p = e2^^ + j2-J = + 'Y + y J 


Introducing vector notation 

//- = YZ = (a + JoiOiR + jicL) 


at the generator .r = I 


Vo 

hi 


e‘2 




e,)7 + /‘i 1 + 


Yzr^~ 

2 


where = ^2 + i 0 


If, however, the transmission line is long, this approximation is 
not sufficiently close and equations (87a) must be used. For- 
tunately, however, they are really quite simple. 

Nuimrical Application. — Three-phase transmission line, 200 
miles long, consisting of three No. 000 B.S. wires 10 feet apart. 
The voltage per phase at the receiving end of the line is 72,200 
volts (corresponding to a line voltage of 125,000 volts). The 
particular value of the load current is taken as /2 = 100 — • 50j. 
Find the current and voltage at the generator. 

The frequency is GO cycles, and it is assumed that the leakage 
conductance is 0.192/10^ mho per mile. This corresponds to 
something like 1 kilowatt corona loss p(*r mile of wire. Ele- 
mentary considerations show that 

R = resistance per mile = 0.326 ohm 
L = inductance per mile = 0.00213 henry 
C = capacity per mile = O.OMO/IO**’ farad 
G = 0.192/10« mho 
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= /e + jX = 0.326 + j 0.8035 = 0.866/ 67°53' 

V I ;ii 0.192 I .5.29 /fi'yORi;/ 

) = (, + .7/i= -Jyg- + .7 = ,^J87 55 


/t>v 2.14 4.49 , .20.95 

n = VY?= .n. + ^ TfH 


From C%ap. XXVIII, 

cosh nl = 0.9187 /2°1S' = 0.917 + jf 0.0367 
sinh nl = 0.418 /78";^' = 0.0823 + j0.41 
j, = 100 - J50 

Substituting those values in equation (87a) (when .r = /), we 
find that 


K, = 81,850/ 10°40' 

and 

7, = 100.6/ 18°28' 


By “telescoping,’* we get the power delivered by one phase of the 
generator to be 8,140 kilowatts and the power delivered per phase, 
7,220 kilowatts. In this case, the length of the line (200 mik^s) 
is rather too great for the use of the approximate equations. 
They give, as can readily be seen by substitution, 

/J, = 81,800/1 r 
/, = 102.3/20° 

Another example involving permantmt- alternating-current 
condition will be introduced because it involves some interesting 
and important features. 

Referring to equations (83) and (84), it is seen that if Z 2 = 2o 
-that is, if the load impedance is the same as the surge impedance 
— then / = c/zq at any point of the line. The line behaves as an 
infinitely long line. 

Problem. — Find the proper value of z^y the load impedance' 
at the end of an “ideal” cable. We have 

= ^ = /2_ 

« V^pCR 

Using vectors 

- = .. = = /Z/-45» = - 7 [A 

VjcoCR V«C/45_° ' \2wC ^y2uC 

= /22 + jX2 
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This shows that the end impedance should have a resistance 

Hi = ^ ohms and a condensive reactance Ts, which is also 
\2wC 

ohms. 

Tile question may well be asked; Why write -x / jaCR = wCR / 

Wliy not VcjCR / ±45“? 

The reason for using the plus sign only is that the negative sign does not 
satisfy the condition that must be the same as which is 

Thus, 

Therefore, 

This is the correct result. If we had used the negative angle, the result 

would obviously have been 

w^hich is wrong. Thus, we see that \/ j = l /45° ^ not 

Referring again to equations (83) and (84), which are of special 
interest because they deal with a transmission line at the end of 
which is a certain load impedance : 

In the process of solving them, one of the operations — and, 
indeed, the only laborious part — is to find the roots corresponding 
to Z('p) = 0. 

We note that this gives 

tanh nl = — 

Since the majority of the readers are more familiar with trig- 
onometric than hyperbolic functions, it is well to obtain the 
equivalent trigonometric expression. 

Since n = ±jm 

Using the top sign at first, we get 

tanh OmO = = +J tan ml 

, *2 *2 * 2 . 

7 tan ml — — = n = — -jm 

Zq Z Z 

tan ml = — 

z 
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Using th(' lower sign, we get the same relation, 
tanh (->0- 

J Zi Z-i 22 \ 

\—j tan ml = — = — n - — (—jm) 

Za Z Z 


or 


tan 

z 


Q.E.D. 


In the case of an “ideal ’’ cable, where z = li and —nr = pCR, 
if the tenninal load is a non-inductive resistance, then 22 = Ri 

and the relation Ix'coines tan a= ~^.]a where « - ml. 

If the load were a pure inductance' A.>, then 

LiCt^ 

tan a — 

If the load were a condenser, then 

Cl 


tan rt = 


Usa 


If the load impedance were* 22 = Ri + pL-i, then 
tan o! -f- 


If the load were a resistance' in series with a condenser, then 
, lU , Cl 

The numerical values of a which satisfy these relations can often 
be obtained best by plotting graphs, as shown in Fig. 36. The 
problem is, unfortunately, not always as simple as that illustrated. 
Complex roots frequently occur— then much labor is involved. 

This whole subject of finding the roots is discussed in detail 
in Chap. XXVIII. 



CHAPTER XIX 


TWO OR MORE TRANSMISSION LINES OF DIFFERENT 
CONSTANTS CONNECTED TOGETHER BY AN 
IMPEDANCE OR SHUNTED AT THEIR 
JUNCTION BY AN IMPEDANCE 

Consider, first, the case of a shunted impedance as shown in 
Fifi. 38, in which case, for the sake of simplicity, it has been 
assumed lhat the line is short eircuited a1 the receiving; end. 

The impedance or leak 7.' is introduced af. a point distant h 
from the generator. I.<‘t the constants pertaining to the left- 
and right-hand sid(>s have indices 1 and 2, respectively, and let 
the problem be to find the eurrent at any point in either line. 



I’Ki :{s. 

C’onsider, first, the right-hand side. The conditions existing 
there are those of a short-circuited transmission line discussivl 
in C^hap. XV. That is, 

^ _ S' sinh nzJ ^ 

sinh HaCf — Zi) 

and 

j = 4 

«2 sinh n 2 (? — /,)* 

where I — U is the length of the right-hand line. Thus, 
e _ th sinh n 2 X 
i Y 2 cosh tiiX 

At the leak, x = I — U 

^ — -1 ~ 
i F ’2 cosh n 2 (Z — Zi) 
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( 88 ) 
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We can, therefore, replace the right-hand short-circuited line 
by an impedance 2 placed at the junction. This impedance is 
in parallel with impedance Z'; thus, the joint impedance, which 
will be denoted by Zj, is 

7 - 

- z + Z' 

'rhe current and voltage at any point on the left-hand transmis- 
sion line of length I, can, therefore, be found from equations 
already worked out (see C'hap. XVTII, equations (83) and 
(84)), where we deal with a line of constants having index 1, and 
where x is counted to the left from the junction point. 

At the end of this line, which is the junction point in this 
problem, we find, from equation (S.*)) ((’hap. XVHI), that the 
voltage is 

A’r = ! El 

cosh + L sinh nJi 
niZ2 


'rhus, for tlu* right-hand line, the current and voltage arc 

1 sinh M 2 *r 




and 


cosh nJi + sinh fhh 
tuZ2 


El (89) 


I 


cosh //iZi + L sinh //ih 
?ljZ2 


X ' ■ . El (90) 

??2 Sinh 7/2 (I — l\) 


C'onsider, two transmission lines of different constants (indices 
J and 2) connected together through an impedance Z', as 

shown in Fig. 39, where, 
again, for the sake of sim- 
plicity, the method is illus-* 
trated by the particular 
case of a short-circuited 
line. 

Fia. 39. It is evident that up to 

point a, the impedance is z, 
as shown in equation (88). The impedance up to point h is, 
therefore, Z 2 = ^' + z. 

Again, the values of the voltage and current for the left-hand 
side are obtained from equations (83) and (84) (Chap. XVIII), 


V a ) 

J 
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where we deal with a line of length h and of constants having 
index 1. 

At the end of this fictitious line represented in Fig. 40, the 
voltage and current can be obtained from equations (85) and 
(86) ((^hap. XVIIl). 



Ijot Z' z = Z'i. Thus, 
12 = 


cosh iiih + sinh ndi 


= 


El 

El 


Z 2 cosh niU + sinh n\l\ 

fix 

The voltage available across the second transmission line, the 
right-hand side of Fig. 39, is ez = hz. 

Thus, for the right-hand side, remembering that we now deal 
with a short-circuited line of length Z — /i, 

z ^ , sinh n^x 


€ = 


and 




1 7 , . 1 7 sinh — U) 

cosh thh + „ Hill 

// 1Z2 


Ei 


i = 




, , , 2i . , , Hn Sinh ^2 (Z — l\) 

cosh 7iili H sinh nih ' 

n\Z2 

Suppose that three transmission lines of different constants 
are connected together. Figure 41 illustrates such a case, a 
simple one, chosen purposely to illustrate the method to be used. 




MjLjCjGj 


H 











Fio. 41. 


Branch 2 is short circuited, branch 3 open circuited. Find the 
current and voltaKP at any point of the network. 
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Each of the two branch lines is converted to impedances at 
the junction point. These are converted to one single impedance 
placed at the end of the main line, after which currents and volt- 
ages in the main line can ho calculated from equations given in 
Chap. XVm. Of special interest is the voltage at the junction 
point. This voltage having iK'en obtained, the currents in the 
branch lines are readily calculated. 

Thus, the equivalent impedance at the junction point of the 
open-circuited line is 


-S's = . = 
I 


e cosh H :i:\ 


(see Chap. XV) 


Y.i sinh 7/3/3 

and th(' equivalent impedance of the short-circuited line is 

7/2 sinh 7/2/2 
¥2 cosh not 2 




The combined impedance is 2 = 

This is the impedance at the end of the main line and takes the 
place of Z2 in equations ( 83 ), ( 84 ), ( 85 ), and ( 80 ) of Chap. XVIIl, 
and the results in the line are at once obtained; x is count(‘d from 
the junction point toward the left. 

Of special interest is e at the end of this fictitious line. It is 

1 


e = 




cosh // 1/1 + sinh//i/i 

Z2H1 

Therefore, the current and voltage in the open-circuited line arc' 

1 cosh fw ; 


e = 


Zl 


^ cosh 


cosh 7?iZi + sinh 7/1/1 
Z2ni 

i ! X *’■ B/ 


cosh 7/iZi + — sinh 7/1Z1 
Z2ni 

For the short-circuited branch, 

1 


e = 


? = 


cosh nih + * sinh 7?.iZi 

Z2fll 

1 


■113 cosh nah 


Hinh . 
^ sinh riih 


^ ^2 cosh 

, , , Si . , a na sinh nUa 

cosh riili H sinh ndi 

Sin I 



( HAPTEK XX 


A BATTERY CONNECTED AT SOME POINT OF A CABLE 

In Fig. 42 is roprosonted a cable having a groundi'd sh('ath. 
The left-hand end of the cable is grounded; th(» right-hand end 
is open circuited. It is desired to find the potential difference 
between the cable and the sheath after battery E has been 
inserted. 



Fkj. 42. 


Referring to the g('neral (‘(juations given in Chap. XV, and 
nuiieinbering that in them x is reckoned from the end of the line, 
we get for the right-hand sidcj 

Fi = A'l cosh 11 ~ 2/) + Ki sinh n{l — //) 

Y 

ix = [K] sinh ii{l — y) + K2 cosh n(l — //)J 

For y - I, ti — 0 ] therefore, K2 = 0 

Vx = Kx cosh n{l “ y) 

For the left-hand side, 

Vi = K.i cosh inj + Ki sinh ny 
AVhen 2/ = 0, ^2 = 0; therefore, A3 = 0 

V2 = Ki sinh ny 

At y - D, the difference of potential between T^2 and Vi must bp 
the voltage of the battery. Therefore, 

Ki cosh i}(l — D) — Ka sinh iiD = E 

cosh a cosh + sinh a sinh (i = cosh {a + /?) 

103 


Since 
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il is seen by inspection that this condition exists if 


l^hus, 


X, . '55!' 'if X and X. - «x..> 

cosh nt cosh til 


Ti = cosh /?(/ — y) El 

cosh nl 

sirih till — D) . , . 

I j = smh til/ hi 

cosh nl 


( 91 ) 


Heaviside gives this solution in a slightly diflfcrent form on pag(‘ 
140 (Vol. II). He uses tn instead of 7i and trigonometric t('rms 
instead of hyperbolic. Since 


and since 


tn'i = — n = jtti 


r, = 

Vo = 


sinh jrna = j sin ma 
cosh jma = cos ma 
cos mD cos m(/ — y) . 

I hi 

cos rnl 


sin 7ti(l — D) 
cos 7nl 


sin my El 


^ These constants can also be obtained as follows: 

Y 

Ti - Ki cosh //(/ — //), /'i == ^ K\ sinh n (I — y) 

^ Y 

\ 2 = Ki sinh ny. Ka cosh ny 

For y = Dj Ti - Vz = El and ii -f 12 = 0 
From these relations, K\ and Ka can be determined. 


(92) 


(9a) 



CHAPTER XXI 


EFFECT OF ELECTRIC CHARGES APPLIED AT POINTS 
OF A TRANSMISSION LINE OR CABLE— GREEN’S 
FUNCTION 


Figure 43 shows a point charge Q applied to a transmission 
wire. The problem is to finti the potential difference between 
wire and ground after the charge has l)cen applied. 



jr - - - 

Kio 4;^. 


Sinco w(* art* dealing with “ distributed^ ' constants, the general 
(‘(luations given in ("hap, XV apply. For the right-hand side, 

V\ = Ki cosh n(i — y) + K2 sinh n{l — y) 

Y 

i\ - fXi sinh n(Ji ~ y) + X2 cosh n{l — y)] 

Since for 

y - If ii — 0 and, therefore, K2 — 0 
Vi = A'l cosh n{l — y) 

and 

Y 

i\ = sinh n{l — y) 

For the left-hand side, 

V2 = Kz cosh ny + Ki sinh ny 
Y 

12 = - [X3 sinh 7}y -j- Ki cosh 7iy] 


2/ = 0 , ^2 - 0 and, therefore, X4 = 0 
/. V2 = Kz cosh ny 
m 


For 
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and 

t 2 = sinh 711/ 

7\ 

The next step is to connect these currents with the applied charge. 

The problem involves placing an instantaneous charge aty = D 
at i = 0. The rate at which the charge enters the line element 
is dQ/dt, which is a current . 

In this case, as will be evident from the discussion which follows, 
it is d/dt (Qi) or Qpi where Q is the numerical value of t he applied 
charge. 

If the current is written as Qpi^ the charge given to 1 he element 
during a short time interval is 



y r T’* 


If t is not = 0, this becomes 


If t = 0, it becomes 


ai - 1] = 0 
Qli - 0 ] = (? 


Thus, by writing i = i\ +12 = Qpi we satisfy th(* imposed 
condition, namely, that the element n»ceives the full charge 
at ^ = 0 and no charge at all at any other time. Since 


ii + H = vQlj 

^ [/fi sinh 'n{l — D) + Kz sinh nD\ = pQl 


This is satisfied if 


Xi = 


cosh 7iD ^ 
linh nr 



and 


K, 

•• 

V, 


cosh n(l - D) ^ 11 . 
sinh 


cosh nD 


- cosh 7i{l — 


sinh nl 
cosh n{l — D) 


sinh nl 


-- cosh 7iy 


) Y ‘ 

'npQ. 


(94) 


(95) 
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In the case of a cable without leakage and without inductance, 

= pC, and the equations become 

(<.«) 

Heaviside gives a large number of similar problems, all of which 
can readily be solved in a manner similar to that just indicated. 

It may be instructive to solve one of these equations. Find, 
for instance, the potential on the right-hand side in the case 
of an ^Mdeal” cable. 

Equation (96), rewritten with trigonometric relations, is 

cos inD cos m(I — u) jm 0 ^ 

1 1 = , ^ iy since —nr = pCR 

j sin nil C ' 

_ 7n cos niD co^ rnU — y) 

C sin nil ^ 


= 0 gives roots ml = ±« 7 r or 7n = ±'^ 

also, 

— nt^ = pCR 
Thus, 

pdZ N CR 1/1 
~djr ~ cm^'2.v ^ 2 

Ya» = (-1)' cos niD cos my^, 

.'. Fi = 1^1 + 2 2 ) 

The equation for V 2 becomes identical with that for Fi, as can 
be seen from equations (96) and (97). They are alike if we 
interchange y and D. The values of Fi and F 2 differ, however, 
numerically, since, in the first case, y is always larger than /), 
and in the second, it is smaller. Thus, in this case, 

^ ^ ^ X T 


This equation holds for both sides. 



108 


nEAVll:HDE'S OPERATIONAL CALCULUS 


For certain reasons, it is well to study two more cases where 
a charge is suddenly applied to a point in a transmission line 
wire. 

For this purpose, we shall consider a wire which is grounded 
at both ends, as in Fig. 44. Here, the procedure is similar to 


15 F V, 



l-y^D A 


Fui. 44. 


that which has been described, and the following operational 
equations are readily obtained: 


^ _ sinh nD sinh n{l — y) npQ . 

' sinh nl }’ 

„ _ sinh m(Z — D) sinl^wy npQ . 
* ~ ■ sinh nZ Y 


(99) 

( 100 ) 


When these equations are solved for the conditions of an “ideal ” 
cable by the expansion theorem, we find 


F, 


_ 2g v" • -/.r.' 

- I ‘ 


(101) 


and F. is identical with Fi, as far as the general equation is con- 
cerned. Obviously, however, the values of y in th(> first cas(' 
are larger than D, and in the second case are smaller. 

In this case, then. 


F = 


2Q 

Cl 


2) si 


sry . SirD 
Sin ^ - sm j t 


This relation holds for the entire line. 


( 102 ) 






Fig. 45. 


A third similar case is shown in Fig. 45. The left-hand side 
is here grounded and the right-hand side open circuited. Here 
the operational equations become 


EFFECT OF POINT CHARGES 
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„ _ sinh nP cosh n(l — y) pnQ ^ 

* ~ cosh nl Y 

_ sinh ny cosh n(l — D) pnQ ^ 

^shhT ■ Y 

The two expressions arc identical if y and D are interchanged. 

The solution will again be the same for both sides, so that the 
potential at any point is 


V 


2Q 

Cl 



2s — } w 

2 I 



(2«^2jr2 

4 CRl^ 


(103) 


In all three cases, there is no potential on the line at < = 0 except 
at the point y = D, when* it is infinity, Ix'cause a finite charge 
is given to a point of infinitely small capaeity. 


* i 00 

k , J 

Fio. 40. 


A graph indicating th(j physical significance of these equations 
when they are used to express arbitrary functions is given in 
Fig. 4(>.^ They are very useful when, for instance, we are dealing 
with space distributions of charges, and they are similar to 
Duhamel’s integral w^hen time distributions are involved. It is 
to be noted, therefore, that these equations represent an impul- 
sive function similar to with the difference that the variable 
is y instead of t. 

When we integrate ply we get back to the unit function, that 
is, ^pi = i. So here the space total is ^ 1. 

The three equations, (98), (102), and (103), when Q/C is taken 
as unity, are special types of Green's functions, which are exceed- 

’ Although we have shown these functions in Fig. 46 as straight lines 
which are zero everywhere except where y = D, they are, in fact, infinitely 
oscillating over the whole range, and the oscillations reach infinity at 2 / « />, 
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ingly useful to express arbitrary functions in trigonometric series. ' 
We shall denote them by G. Thus, 


I- S = 30 -I 

f/ = ^ 1 + 2 ^ cos ^ y cos ^ D 

fl * 1 


or 


or 


2"^^^ . . .^7r/> 

I I 


2 

== ^ 2;^ sm , sin 


2’^' . 2.S- 

sin 


/ 2 


1 TT . 2.S‘ — 1 TTy. 

^ysin 2-;^ 


JOvery P^ourier’s serios involves one form of those*. An infinite 
number can be worked out by assuming diff(TC‘nt terminal 
arrangements. 

Each Green’s function is an impulsive function. 

Jf we multiply a continuous function of D — say, J[D) -by a 
Green’s function, which is an impulsive function that exists 
only at Z) = y, the product is zero except at that particular ])oinl , 
where it is infinite. But, if we take the space total of the product 
Gf{D)j the result is f{y) because G exists only at D = and its 
total is 1. 

Thus, jGf(D)dD == f{y) if the limits include the point D ~ //. 
If not, the result is zero. 

* Heaviside gives a most interesting diseussion on iliis suhjcvt in his 
treatise on “Electromagnetic Theory,” Vol. II, p. 99. 

An analogue between pure mathematics and operational inatliematics 
of Heaviside by means of the theory of H functions was prepared by Dr. 
J. J. Smith and appeared in Jour. Franklin Inst., November, 1925. 



C’HAPTER XXII 


DISCONNECTING AND DISCHARGING A CABLE 


DISCONNECTING A CABLE 

Before the switch is opened, the current, in this example 
(Fig. 47), is assumed to have reached its steady state, that is, 
E 

I = in all parts of the cable. After the switch is opened, 
the current at the switch is zero. 



Fig. 47. 

If, therefore, we determine the expression for some peculiar 
e.in.f. impressed at the generator, such that at the generator 
i-he current is constant, equaling —/at all times after closing the 
switch, then the sum of the original current and the current 
caused by this peculiar e.m.f. will obviously be the current in 
any part of the cable. 

It has been shown that with the receiving end of a cable 
grounded, 

_ sinh nx 
^ mihnl 

and 

. _ Y coshnx 
^ n ^‘^sinh wZ 

. Y cosh nl 

• U -* ^0^ 

The peculiar e.m.f. which makes ig - — II is, then, 

_ _ n sinh nl j. 

“ Fcoshw/^^ 
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and thus Ihe current in any part of the cable due to this c.m.f. is 
y cosh Tia; n sinh 7)1. > coshnx,^ 

f ~T- -jli = 

n sinh nl Y cosh ni cor 

The total current is, then, 

cosh nx 


i = ii + I = 


At the end of the line, j = 0 

E 

• • ~ m\ 


=4'-: 

__ ^71" cosh nx 

~ cosh nl J 

\ 

-Fi - 

u\ 


cosh td 


cosh nl 

A 


cosh nl 




= 


i = 1 

cosh nl Z(j,) 

Problem. — Find the current at the jcroimdod end of an '‘ideal 

cable. 

Refer to equation (104) for or = 0. 

cosh?iZ^ 

1"(P) = 1 

Z(„) = cosh nl = cos ml 


where 


— nr = n 

dZ 
V 


pCK 


dp 


dZ dm ml . , 


*_(«>) — . _ — ] 
Z(„) COS 0 


Hv) 


TT StT 

= 0 gives cos ynl = 0 7?zf = 9 » • 




or 


7 + 1 

wit = ± - 2 ’ ’’’ 


* 

CRP 


/2s + ly 7 
• • P ~ \ 2 ) CR 

8 =« 

^ ~ X 2 S + 1 


li = 


i = 7 + fi = 


2/6P' 


TT Sin 


4^ cos STT 
Riir ^2fi + 1* 

8 "*n 


2s + I 


(105) 



DJSCUARaJNd A ( AHLK 


Thus, ^1^1 - 
well known. 


^ /2« + IVjr* 

“ y 2 ’ y cm- 

At ^ = 0, the current is E/Rl. Equation (105) gives 

= 1 4. ^ ^ ^ ' 

3 5 7 


3^5 


must be unity, a relation which is 


DISCHARGING A CHARGED CABLE 


Referring now to Fig. 48, switch a is closed from / = 0 to 
/ = t\, at which time switch b is clovsed. Find the current in 
the cable. Short circuiting the battery means that the impressed 


e.in.f. is zero at time t\. This, again, is equivalent to leaving 
the original battery on but applying a battery of potential —Ei 
at time t = t\. The total current is, then, the sum of the cur- 
rents due to these two e.in.fs. 

Current due to El is /i = as is 

n cosh ?il ’ 

shown in equation (56). 

This is readily solved by the expansion theorem, which gives 
2E^. ... . /2.V+1 


2E^, V . /2s + 1 Q. 

’’iT 

When p.ni.f. —Ei is applied at ( = h, the current is obviously 
2E ^ . . . /2.S + 1 j\ 

. • 2.Br^, . /2s + 1 r\ * 

- ^ - 1)* sin ^ ^ T j 
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where 

^ /2s + ly 
\ 2 ) RCV^ 

The corresponding solution, if the cable should be connected lo 
earth at the receiving end, is easily found to be 


= 7^7 2^-1)' cos ^sir - 2 (“ *)' cos 


■ait -U) 


where 


crir- 


A similar problem has been worked out at ihe end of ('hap XV. 



CHAPTER XXIII 


FRACTIONAL DIFFERENTIATION AND INTEGRATION 

The second volume of Heaviside’s ''Eloctromagnetic Theory’ 
contains a great deal of suggestive matter in reference to the 
interpretation of divergent series and fractional derivatives. 
Much of it is very difficult to understand, and, indeed, some of 
his results are given with a statement that '‘this is not so simple 
as it looks.” 

Heaviside illustrates his use of operational methods by many 
examples, and the final solutions are always correct, as far as 
the writer has checked them. But the reasons suggested are 
not always clear, often they are far from clear. 

The difficulties arise in connection with the asymptotic solu- 
tion when the operational equation contains fractional powers 
of p. 

In soiiK' problems, the series obtained by division in rising 
powers of p, gives the complete solution; in others, certain terms 
have to be added. This matter is discussed in Chap. XXV. 

Heaviside arrived at the following relation; 

pH = 1 (lOG) 

V irt 

from two different points of view. 

1, From the solution of certain heat problems worked out by 
Fourier, which will be shown later. 

2. By generalizing the formula for the derivatives of any 
power of t 

It is 



or, more generally, 
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There is no difficulty about this as long as m and n are positive 

integers and When m > Uy we get the factorial of 

a negative integer, which is minus infinity, and the result 
is zero. 

Heaviside felt that equation (107) in his system should 
hold even when m and n are fractions and proceeded to 
study them. 

The unit function would then correspond to /^/lO, or we would 

write This is rather remarkable, in a way, sinc(' C/\n as 

n approaches aero is a peculiar graph. It is a cylindrical surface 
for all positive and negative values of <, a surface which collaps(*s 
to a point at t = 0. Therefore, the positive real part would look 
like y, the ^'unit function.” 

But to return to v^l = as Heaviside writes it, or 

y/irt 

p\i = y as we prefer to write it. 

If the graph corresponding to lly/irt is plotted for various 
values of we find that it starts at infinity and decreases to zero. 
When this chart is multiplied by the unit function, it is in no 

1 

\/ irt 

ing ll\/Trt and multiplying the result by the unit function. 

The question remains, however, whether equation (106) is 
true. It can be tested in various ways. We may, for instance, 
see whether 

7?i(piy) = pi (108) 

or 

p-\{p\i) = y (109) 

or 

sin (all) = w cos uti^ etc. (110) 


^ is obtained by differential - 


way modified. Thus 




Consider equation (106) and refer to equation (107). If ot = ^2 


and n = 0, we get = pi = 
shown later. 


<0 


EM' 


But 


— = \/ir, as will be 
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<" i 

Thus, IP' 12 = ^ Y "^*^^** wrtainly similar to equation (106) 
and would lead us to suspect that 




(111) 


Try, now, to verify equation (108) by the use of equations (107) 
and (111). The left-hand side pives 


P^V 

The right-hand side gives 





7>( [0^ 




l^'hus the unit function could well be written and in its most com- 

/o ^ 1 

pleted form should be written and pi = j ^ 

Consider, next, equation (109). 




(0 

’’I'he left-hand side gives ^ 1. The right-hand side gives, also, 

/" 

()■ 

factor. 

Finally, consider equation (110). 


1, when we again consider the unit function as a multiplying 


P‘ sin u)ti = + • • • ^^ 

_/ f! , C 


This can be shown to be a converging series and can also be 
written in the following more convenient form, which will be 
treated in Chap. XXVI: 


pHpl sin w 



10 


12 

L_ 


= OJ COR utl 
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It is seen that fractional differentiation and integration introduce 
factorials of fractions. 

The so-called tt function (pi function) is the generalized factorial. 
Its value can be obtained from the gamma function or directly 
by series expansion : 


f \ 'Tf 1 \ 7 * 1 * 2*3 * • • (// 1 ) 7 / 

t{x) = I(x + 1) = hm . — / --- .7 

^{x + l)(x + 2) * • • (x + 


( 112 ) 


The most important values for our purposes are the following: 


X 

0 

2 

! 1 5 

1 

— 

1 

\/ ttI 

\/7rl 3 

v^irl 3 5 

■■■ 


2 

2 2 

2 2-2 


j; 

0 

i 

1 

2 


j 

1 ; 
1 1 

. 7 

ir(a:) = [5 = 

1 


-2\/ir 

1 

i 

1 

+2 2Vir 1 
1-3 

1 

- 2-2 2 vV 
135" 


Since a number of problems involve fractional derivatives of 
the unit function, the following tabulation will prove a 
convenience : 


pii = 111 
y/TT 

= 

2Vl 


pH 

pH 

pH 


2-2\/a- 

2-2-2\4^ 


p-'H = 

p-H = 
p-H = 
p-H = 



2-2li . 

, i 

2-2-2<? ^ 
i-a-sVir 
2-2-2-2<* ^ 


(112a) 


Before leaving this interesting subject, it may be well to 
call attention to another feature connected with fractional 
differentiation. 
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Take, for instance, successive derivatives of </|l. 

(ft(T “ (0 

t _ r* 
dt^li 

^ t 

(ft»[l [-2 

U p-n 

The last three expressions are usually written as zero, since the 
factorial of a negative integer is «. When operated upon with 

f-ll 1-2', <-"-J 

P‘, however, theygive r - r--_, >> and r ■ -r/ respectively. 

[j- 1 \zA''k Li'' ~ - 2 

All three are definite and different. There are zeros and zeros. 
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INDEFINITELY LONG TRANSMISSION LINE OR CABLE 

C-onsider a transmission line that is of infinite length or, at 
any rate, so long that whether the line is open or closed at th(» 
far end no potential difference exists at the far end. This is a 
situation which very nearly exists in very long telegraph cables. 



I-’IG. 49. 


In these problems, it is obviously best to count the distance x 
from the sending end rather than from the receiving end, as was 
done in Chap. XV. 

Referring to Fig. 49, 


Thus, 


dx 

dj[ 

dx 


-i(R + pL) 
■-e{G + vC) 


<> = + Bf-' 


For a: = 00 , e = 0; therefore, A = 0 and e = For 

X = 0, e = E; therefore, B = E and 


(113) 

I = ^E(-”-1 (114) 

71 


Therefore, c/f, the resistance operator or unit function, is v/Y 
at any point of the line. 
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In the case of an “ideal” cable, Y = pC, Z 
n _ V^R _ 

f pC ' \pC) 

The current at the battery is 


and 


(115) 


and 


Thus, 



(in>) 


A similar problem in heat conduction through an infinitely 
long bar had many years previously been worked out with con- 
ventional mathematics involving Fourier^s series. The differ- 
ential equation relating to the temperature is 


(le ^ 

cH dx\ 


(117) 


where is termed by Kelvin the diffusivity and by Maxwell tlu' 
ihermometric conductivity. 

The rate of heat transfer through unit area is 

W - (118) 


where K is the thermal conductivity of the bar. 

When these equations arc solved, subject to the condition that 
at the origin, x = 0, the temperature is kept constant at tfo“. the 
rate of flow of heat at the origin becomes 


Wo 


A'flo 
A \/ vt 


(119) 


Heaviside compared this problem with that given in the fon*- 
going case of the infinite “ideal” cable, when 


= -iR 


de 

dx 


( 120 ) 
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and 


di ^ 

- - -C;» - -C^ 


Those two e(iuaf ions combined giving 

d-c _ __ 1 

(Ix^- ~ dt ~ RCdx^- 


( 121 ) 


('oinparing equations (1 17) and (121), we note that h‘^ = i/RC 
(-omparing equations (118) and (120), we note that K = 1//^, 
W = 7 and Bq = Ei and 

K ^ jC ^ /CV 

h yjR \r) 

The operational solution of the current aa given above was 




or, at the origin, 


/() = Ep^i for j = 0 
or substituting heat constants. 


But in equation (119) 


Wo = ^dopH 


'V 0 I / — 

y/irt 


Heaviside concludes, therefore*, that 


1 


Therefore, the current at the battery is 

The solution for the current when an alternator is connected 
to the cable is given in C-hap. XXV. 



INDEFINITELY LONG LINES 


m 


We will now proceed to solve equation (116). 




pi 1 — WJ- + 


Substituting n = y/pCli, 

■ i^r 1 f'P ^ 

,-e[p>^^-vCx+ -- j - 


■ 13 + 4 ■ 


The terms involving even powers in p are zero, because ply 
p^ly etc., are zero; therefore, 



This problem is of interest l)ecause the solution is a convergent 
series, although t appears in the denominators. The reason is 
that the development of introduces factorials. 
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PROBLEMS INVOLVING CONVERGENT AND 
ASYMPTOTIC SERIES 


In his second volume on “Electromagnetic Theory," Heaviside 
gives, on page 42, the solution of a problem involving an infinitely 
long “ideal” cable connected to a battery through a coil. On 
page 40, he gives a similar problem where, instead of a coil, he 
inserts a condenser. In both cases, he obtains operational solu- 
tions involving fractional exponents of p. He proceeds to expand 
them in powers of 1/p and in powers of p. The expansions in 
powers of 1/p give convergent solutions and are conveniently 
used for small values of t. The asymptotic solution — if com- 
plete — is suitable for large values of i and is always subject to a 
certain error, which, however, can be determined. 

In the second problem, the asymptotic expansion is the com- 
plete expansion; in the first problem, a term is added and no 
satisfactory reason can be found in his three volumes on “ Electro- 
magnetic Theory” or in his two volumes of Electrical Papem. 
To be sure, on page 159 of his first volume of Papers and on page 
490 of his second volume of Theory, he discusses a similar problem, 
and these pages give a clue to his reason. 

In connection with the study of operational calculus at Union 
College, and with the assistance of Dr. J. J. Smith and S., J. 
Hacfner and E. W. Hamlin, we have found several methods 
which are applicable to problems involving only one variable /; 
in other words, to problems of infinite lines where the condition 
at the generator (a- = 0) is desired. Undoubtedly, investigations 
along these lines have been made by others, but the writer is 
familiar only with the work of W. O. Pennell, which covers the 
same field as ours and gives identically the same results. 

This field pertains to operators which are of the form 
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where Z{jp) is of a form which can be rationalized to contain only 
integral powers of p, and Y (p) contains either integral or fractional 
powers of p or both. 

The operational solutions for infinite lines where the condition 
at the generator is desired are of the form 

y = -_ E1 (122) 

1 + (ap)^ 

where n is any odd integer. 

Procedure ; Rationalize the denominator thus. 



Co 7 Wcrgent Solutimi.—ln equation (122), divide through and 
obtain an infinite scries with p' in the denominator of each term. 
Some of the terms will contain even powers, others, fractional 


powers in p; and insert the values of the various 



An alternative method, which is frequently preferable, is to 


break up equation (123) into two terms, one of which contains 
only even powers of p, the other, only fractional powers of p. 

The first part is then solved by the expansion theorem ; the 
second is expanded by division, as discussed above. The com- 
plete convergent solution is the sum of the two. Obviously, this 
solution does not contain the same terms as the first — but both 


give the same result. The second method usually tells the nature 
of the phenomenon, with far less work. 

There is one thing to be careful about and that is to pick 
the right roots when Z(p) = 0. These roots should satisfy 
equation (122) as well as (123). To illustrate; If n = 3, the 
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Asymptotic Solution. — Rule. — After equation (123) has been 
obtained, solve not only the part which contains even powers of 
/>, but also the other part by the expansion theorem, omitting the 
y(0) term which is contained in the asymptotic serievs. The 
result obtained from these we have called the additional tenn, 
which often turns out to be zero. If it has real as well as imaginary 
terms, the imaginary part is rejected. ^ 

The asymptotic series is obtained from equation (122) by 
division, arranging the division so that all p's are in the numer- 
ators of the different terms. Some terms will have even powers 
of p] these are all zero. 

The methods given above seem to be the simplest of several 
which can be used. 

The solution of a number of characteristic problems will now 
be given. 

Problem. — An infinitely long ‘^deal” cable is connected to 
an alternator of voltage e E sin w/ at time t = 0. Find the 
equation for the current at the generator. 

It was shown in C<hap. XXIV that the operational solution 
when unit e.m.f. was supplied is 



The operational expression for sin w^l is 


A 

p^ + 0 ) 2 ^’ 


(See pagi‘ 29 ) 


Thus 



p^ + w* 


Qonvcrgcuyt Solutions: 
Since 


1 __ 1 I 

+ w’* p^ p® 



* See article in Jour. Franklin Inai.j February, 1928. 
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as st^en from equation (112fl). Or we could obtain the solution 
by “shifting” 

2j - 1 

Note that 

+iw)^ 1 = —•••]/ 

and 

p\(- juii = — J6))i 1 = +•••]/ 

Tho rosult hocoinos 



where 


and 


fc 

i — A sin wt + B cos a>/] 

^ ■ v-[ 

~ VirL [l" " 9}r)J 


t*o>^ 

t-i + _ L." + 

3'2 74 




Note that A and B conve^rge rather rapidly. As t becomes 
larger and larger, A and B become more nearly (‘(pial and in th(' 


limit when t = oo 



Thus, the final current is 





(i)t + cos w<) 


It is of interest to note that there are several ways to get the 
convergent solution. We might have expressed 


sin cot = cot 


co»t» , . . . 

r ■ ■ ■ 


When these terms are operated on by pt, we get 



^2-2 

1-3-5 


(a.t)5 + 


26^)1 

1-3-5-7-9 
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Finally, by referring to the table of miscellaneous formulas and 
the comments on the use of Duhamers integral, we get 





cos U3U 
y/f — u 


dn 


We have given four different solutions, all having the same 
result and all suitable for small values of t. Incidentally, it is 
seen that sin oj(i is a transient which eventually becomes 
\/ 03 sin (o3t + 45°), since p = jo) in the steady state. 

Asymptotic Expansion: 




Equation (124) is not the complete solution, bt'cause, in this 
case, there is an ^'additional term.” 

_ p^ 

^ p* + 


has a pair of imaginary roots, pi = === p^ = 

~ jcj = o) | — 90°, which are obtained in the usual way by making 


— 0 



1 

P - Vi 


dZ 

P dp ^ 

Im = 

dZ 

^dp 


2p^ 

2p^ 


1 

2pi 


-L. 1 — 46° = - J_(cos 45° — j sin 45°) 

2y/<^ I 2V« 



- 3 ) 
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Similarly, 


'^1 

L ^ Jp » P2 

■ ■ ^ ~ + (J + i)*"'’"'] 

= - (cos cat + sin 0)/) 

V 2 o} 


and the complete asymptotic solution is 

' - WS'"” -^ + “i” ”0 - - lii), + ■■■) 

Problem. — A condenser Ci is connected between the battery 
and an infinitely long ‘Mdear* cable, as shown in Fig. 50. Find 
the potential difference at the right-hand side of the condenser. 



t'Ki 50. 


It has been shown t hat the impedance operator which replaces 
the cable is (li /pOK Thus, the total impedance at the battery is 



Therefore, the current at the battery is 



The voltage consumed by the condenser is i/pCi. Thus, 



This can be brought into the following form: 



RCi^ 

C 
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Cotwergetil Solution: 

” **[' ~ h'v' A;i ~ A'p* ^ 

Here we have one s(*ries of inte^al powc'rs in 1 /p. This part sums 
up to Et**. In addition, wo have a scries in fractional powers of 

1/p. 

The latter becomes 



Thus, the convergent solution is 


Vo 




H- • • • 


1 - 3-5 


+ 


Asymptotic Expansion: 


V„ = J5,’/ilp5[l - ftipi -t- hp - h'-pi + h-p"- - • • ]i 

= K\}t'‘p'‘ - hp + hipi - + • • • 1 / 

The even powers in p contribute nothing, thus: 


Vo 


= E[hip' + /iip' + • ■ • 



The question is whether or not this is the complete asymptotic 
solution. 

In this case, it is the complete solution, because when the 
denominator is rationalized we get 


Fo 


hip^ 1 ) 

hipi + i “ /ip-T ' 


Z{p) = 0 gives p == l/7i, which is real. When this is used, th( 
numerator becomes zero, thus: F'o = 0. 
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Problem. — Consider, next, a similar problem of an infinitely 
long ideal'' cable, where the condenser is replaced by a coil 
of inductance Li, as in Fig. 51. It is readily found that 

T7 ^ i C^L/i 

Vq = — — where 
1 + 



Fio. 51. 


Convergent Solution: 


= 4-/2'V ^ 4-PV 1 ...I 

3WL W/ 5-7-9111315 J 

This solution is complete but does not show directly that there 
is an oscillation. This can be brought out by rewriting the 
operational equation with rationalized denominator. It is 

-r, E ^ E(l—aiv^)^ 


where 


Vo = T-T^Tl^ = + B) 

1 + g^p^ 1 — g^p^ 


and B = — 


1 ~ g^p^ 1 - g^p^ 

A is solved by the expansion theorem. Z{p)=0 gives three roots : 


The result is 


’ and ^ ±120“ 
9 9 


-[-1- 


2 V3. 

3‘ " 2, ' 


B when expanded in powers of 1/p gives the same result as 
we obtained in the expansion given above. It is 
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It is interesting to note that 

©vOi S' 

A symptotic Expansion : 

Fn = ff[l - + • • ■ 

The even powers in p contrilnite nothing. Thus, 

! ' + 2(J<)' 

+ l M- 7 - 9 n i 3 (|y+ ■ • • J I 

To find the additional teriu/’ 

r ' - 

\ ^ — tj 1 

1 - 

which for p^ = gives —3. 

1 - gipi^oT p = = 0 

1 - gsfpt^for p = ^[ + 120®^ = 1 - 1|180° 

1 - ^«pi^forp = = 1 - 1 1-180° 

... Vo' = -t + 1 +Jt(-a-jW 

— o o 

= — cos I3t. where a = } and 

3 ^ 2g ^ 2g 

The complete asymptotic solution is, then, the asymptotic 

expansion Fo + Fo'. 

Problem. — An infinitely long line, having constants Rj L, and C, 
is connected to a storage battery of voltage E. Find the current 
at the battery. 

The operational solution for any infinitely long line has been 
shown to be 

. . >'®/ . , £=,e, . (-g^, Yei 

» VpCW + pL) V* + PE/ 

Let 

R .V. ■ Ci pi 

ot then « - (p 2a)*^^ 
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Convergerd Solution: 



This is a convergent sciries suitable for small values of at. 
Asymptotic Expansion: 


E 


C'> 


lJ{2a)i 


.,5 - 1 + ‘-3 p- 

' 2 2a ^ 2-4 (2a)" 


= E 




L' \/2oeirt 


1 '*’ 

‘ + 8a< + 


1.32 


+ 


j 2.32.52 


2(8a/)" ' ,8(8a<) 


+ 


This is the complete solution. The “additional term” is zero, 
as can easily be seen. 

Characteristics of Asymptotic Series Illustrated Numerically 
in This Series— Assign certain values to the independent vari- 
able t, or perhaps, more conveniently to Sot in the above series, 
liet 8a< be equal to 8. 

Then the series becomes 


14- 4- 4- 4- • • • 

^ 8 ^ 2-()4 ^ (i-512 ^ 

= 1 4- 0.125 4- 0.0351 4- 0.0735 4- • • • 

Note that the successive terms are smaller up to the third terra. 
After that they increasii. 

Heaviside says : ‘ ‘ Seek the place where the smallest term occurs, 
then the error where the series is summed up to this term is leas 
than the smallest term.” 

In this case, the sum is 1.1601 with an error less than 0.0351. 
The larger the value of 8at the smaller is the percentage error. 
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DIFFICULTIES OF INTERPRETING POWER-SERIES 
DEVELOPMENTS 

It is not always possible to sec the physical meaning of a power 
series. It may give a far more complete answer to a problem 
than is suspected at a superficial glance. 

As an illustration, consider an alternating e.m.f. Esin 
impressed on an inductive circuit. 

The operational solution is, as shown in Chap. VI, 


/= Ei 

(y;“ + (r + pL) 

If this is expanded by “algebrizing,” we get 


wE' 1 _ « , 
L '/>* 


_ Eoif <»« C , 

■ /: I {2 “ j3 + 

— — w®) + 1^^, {u* — a*w* + «*)••■ (125) 

L_ L 

It is not readily seen or generally known that this series gives 
i = ^[sin ((!>< — /S) + sin d] (126) 

/j 


— ariiy^ + 


which is the proper result not only for the permanent term but 
also for the transient. 

In this case, a = ^ and tan /jJ = To prove it, expand 

L rot 

equation (120) in a power series. 


134 



CHAPTER XXVII 


LINEAR FLOW OF HEAT 


The differential equations pertaining to heat problems in one 
dimension are identical with those of the “ideal” cable, if the heat 
losses due to convection and radiation are neglected. 

Let Fig. 52 represent a section of a conducting wall, one part 
of which is, metal, the other part, cork; and let us assume that 
a definite amount of heat is flowing to each unit area per 
unit time. Find the temperature at any point. 



Let V be the temperature above zero at any point in the 
material. 

Let i be the amount of heat given to each unit area per 
unit time. 


Let R be the heat resistance of the material; it is the temper- 
ature drop per unit length when unit heat flows through the 
material and steady condition has been reached. Thus', Ri is the 
temperature drop per unit length. 

Let C be the heat capacity per unit volume; it is the number of 
units of heat which are required to raise the temperature 1®. 
The temperature increases as x increases. The rate of increase 
is dV/dx; thus, the difference in temperature over a distance dx 
dV 

is ^ dxy and this difference, as has been stated, is equal to iRdx, 


. _ 1 ^ 
’ ‘ ^ R dx 


(127) 
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There is a difference in flow of heat on each side of the element 
dz due to the heat absorbed. 

This difference is djr. But heat capacity is, by definition, 

(7.r 


total hi^sd absorbed 
temperature rise' 

heat absorbed per unit tiiiu' X time 
t(uiiporatiire diffenmee 


Thus 




Cdx = 

From equation (127), 


di 

dx 


dxdt 


dJ 


or 


(1/ 

dx 



From Chap. XV, 


d/ 

dx 

‘ ‘ dx^ 

• 

dx^ 


1 d- V 
K dx^ 


Clt 


dV 

eft 


pCRV = nW 


V = K\ cosh no* + A ' 2 sinh n.r 

Y 

i = |A"i sinh 7ir + A 2 cosh nx] 

V 


(12S) 


(129) 

(130) 


where Y = pC and nr = pCIf. 

If for a; = 0 (outside wall), V = 0, then A'l must be zero. 
V = Ki sinh nx 

and 

/ = Kz cosh nx 
n 

From an electrical point of view, we have really two ideal 
cables of different constants ni and riz. These cables are con- 
nected in series and the far end is short circuited (since for a; == 0, 
y = 0). At the generator, a fixed current li is supplied and 
the problem is to find the voltage at any point in the system. 

Referring to Chap. XIX, we substitute for the right-hand 
cable an impedance z^z placed at the end of the first cable. This 
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impedance is 


V _ ni sinh 7iiZi 

1 FiC08hn,/i 


(131) 


Wc have, then, a single cable of lonpith h with an impedance z'i 
at the end of the line. The general equations for this line are 


V = Kj cosh «2.r + Ki sinh n^x 

Y 

i = ~[Ki sinh tiiX Ki cosh 


In this case, x is measured from the right-hand edge of the heavier 
shaded material toward the left. For 


theriifore. 

For 
Thus, 

For 


a- = 0, y = iVi = (K, + 0) = Ki 

y = (22 '2 cosh •M2X + A'2 sinh n^x 
Y*> 

i — - sinh n^x + K^, cosh n2x] 

t?2 


X = 0, 


i = I2 


,• _ rii. K - 

I 2 — -^2 or XV 2 «r" 

^*2 ^ 2 


X = h, 

li 


= li 


n 2 l 


sinh njLi + cosh n2l2 
7^2 ^ 


■. t 2 == 


y2j^2;'2 sinh n^U + cosh n2Uj 

Thus, the voltage at the junction between the two materials is 

Iz\n 2 y, 


i 2 Z '2 = 


2!^ z'2 si 


sinh ^2^2 + V* cosh n2i 
X 2 


hh 


and the voltage at any distance x from the end of the short-cir- 
cuited cable is, from Chap. XV (equation (57)). 

7n2«2 ^ sinh niX. 


r = 


sinh 71212 + ^ cosh n2l2 


sinh ni/i 
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After substituting the values for ^' 2 , 2i, and 22 , we have 

Y — — - ^ /ftiii 2 sin r/w _ _ y 

cos miii cos mj .2 — Rmi sin mdx sin 


Ic It 

= 0 gives tan niih tan ^ 2(2 = 

\ C2/T 1 

The solution is very cunibersonie and will not be atteiupt(‘d. 
To introduce fractional differentiation, another and simpler 
problem will be considered. Assume that the wall in Fig. 52 
has no metal lining, so that we may deal with the conduction 
of heat by one substance only. 

From the general equations for a short-circuited ideal” 
cable of finite length, we have 

_ sinh 11 X 
^ ^‘^sinh?iZ 

and 

. _ Y cosh 71 X 
^ ~ sinh 7il 

Again let the flow of heat applied at j:* = Z be li. Then 


n sinh nl 


— X- or, since - = 

" y cosh nl ’ 71 Y 

R sin 7nl sin mx R sin m.r 

e = ~ ~ f = 1 1I (132) 

m cos 7nl sin ml m cos ml 

The first question is can the expansion theorem be 
used. Is p = 0 a root? If it were, then as p approaches zero, 
equation (132) should approach infinity. That is not the case. 
As p approaches zero, equation (132) becomes IRx, Therefore, 
the expansion theorem can be used. 

Z(;,) = 0 gives cos mZ = 0 or mZ == ~ ^ 


p^ becomes, after the roots of p have been substituted and 

Tfl^l 

after some transformations, ^ Since cos nil = 0 and 

sin ml = (—1)* 

= IRx 

^( 0 ) 

:.e = IR x+ j (133) 
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At the source of heat, x — I and 


e = IRll 1 + 


4= oe 

-V. * 

"'=i(2.s - 1)*. 


whore 


2s - 1 


The same problem will now be considered from the point of 
view of an infinitely thick wall or an infinitely long “ideal” cable. 

Referring to Chap. XXIV and measuring y from the heated 
side, 

. Y . 


e = Ae-''« 


i = ■ At-’"' 
n 


y = 0 


i^Ii :.A = yl1 


f = 

Y 


li = li 

n 




Sinco n = y/pCR, 




VCH 






At the heated surface {y = 0), 




Using the e.g.s. system and cork, 

!? = '—> 10,000 and C - 0.07 

1 watt per square inch corresponds to 0.256/1,000 gram 
calorie per second per cm.® 
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THE NUMERICAL SOLUTION OF ALGEBRAIC AND 
TRANSCENDENTAL EQUATIONS^ 

A remarkable article by Germinal Dandelin was published in 
1826 in the Memoirs of the Royal Academy of Sciences of Brussels. 
It describes a masterly device for obtaining the roots of an equa- 
tion. Unfortunately, Dandelin’s research had the misfortune 
to be buried in the ponderous tomes of a royal academy. 

Later, the Academy of Science of Berlin offered a prize for the 
discovery of a practical method of computing imaginary roots. 
The prize was awarded to Carl Heinrich Graeffe in 1837. His 
method was known as the Graeffe methody and he employed the 
same principle as Dandelin. It is of great use, especially in the 
case of equations possessing complex roots. Preliminary deter- 
mination of their approximate position is unnecessary, and for 
algebraic equations all roots are found at once. 

Its principle is to form a new equation whose roots arc some 
high power — say, the two hundred fifty-sixth of the roots of the 
given equation. The law by which the new equations are con- 
structed from the original is exceedingly simple. If Xi, X 2 , 
X 3 . , . are the roots of the given equation, then 
X3266 . . . will be the roots of the constructed equation. The 
latter roots are widely separated, for if Xi, were twice X 2 , then 
.Ti,**® would be 2^5® times and an equation whose roots are 
widely separated can be solved at once numerically. 

Suppose that it is required to solve the equation: 

x^ + aix^-^ -h a2.T^-- + aaa:”-® + • • • + Un = 0 (134) 

Assume, for the present, that the roots are real and unequal 
and that they are — a, —6, —c, — d • • • , the order being that 

* The application to electrical problems as well as the mathematical 
theory for the solution of algebraic and transcendental equations is here 
given. The basic theory is taken from Whittaker and Robinson, “Calculus 
of Observations.” 
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of descending numerical magnitude, so that \a\ > |{>| > \c\ > 
|d| • • • 

The values a^b^c^d, . . , which are the roots of the equation 
reversed in sign, will be called the Encke roots. 

Suppose [a] = a + b + r + • * * i.e., the sum of the Encke 
roots and [a6] = ab + ac + he + • • • ?.r., the sum of the prod- 
ucts of the Encke roots taken two at a time, and so on. Also, 

[a"'] = (r + + c"' + * • * 

[a”‘b”'] = a”'b”* + + b”^c^ + • • * 

Now we can write equation (134) as 

a:" + + [abjj*"““ + [ahc]x^-^ + * • * [abed • • • ] = 0(135) 

and the equation whose roots are the power of the roots of 
the given equation will be, ni being even, 

+ [a^‘b"']x"*“- + + • • • = 0 (130) 

It is m'cessary to construct equation (130) when equation 
(135) is given and m is some prescribed number. 

In practice, m is a large number in equation (136) which is 
ultimately formed, but we do not attempt to construct this 
('(^nation at a single step; instead, we first take m == 2, i.e.y we 
form a new equation whose Encke roots are the squares of the 
Encke roots of the original equation; then, having done this, we 
repeat the process, forming a new equation whose Encke roots 
are the squares of the equation last obtained — that is, the fourth 
powers of the Encke roots of the given equation — and so on. 

Thus, our immediate problem is to construct equation (136) 
when equation (135) is given and m has the value 2. This is 
done as follows: Rearrange (134) so that the terms containing 
the even powers of x are on one side and the terms containing the 
odd powers are on the other; assume 7i even: 

(x’‘ + a2X"""* + +•••) = 

( — — • . . ) 

squaring both sides, 

(x" + a2X"-* + -f • • • )2 = 

(aiX’‘~* + OaX’*”® + a6X”“® + ■ * • )* 
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expanding, 

a;*" + osx’*"-* + 04 X*”-* + ajx®"-* + 02 ®**""^ + 02040 :®"“* + 

+ 0204 a:*""* + 04 ®X®"“* + • ■ • 
= ai®x®’‘“* + OjOsa:*"-* + OiOua:*"-* + OiOao:®""* + a2*x*"“‘ 

+ 03060:®"“* + • ■ • 

Now let — 1 / = X® 

(-y)" + 02(-(/)““i + 04(-y)"“® + aii-y)"-' + 02®(-y)"“® + 

02 O 4 (— + a 4 (— 1 /)"“® + ffl 204(— J/)""* • • • 

= Oi®( — + 0ifla(-J/)““® + 0 | 05 ( — !/)"'* + OiOaC-i/)""* 

+03®(-2/)“"® + OsOsC-i/)""* + ■ • • 


and, since /i is even, this becomes 

y" — 02y”“' + 04^"“® — 022/““' + 02®y*“® — 02043/““® + 043/"“® 

— 02042/"“® + • • • 

= — 01 * 2 /"“' + OtOjy”-* — 0 i 062 /”“® + 01032 /’*“® — 03 ®//"“® + 

06032/"“' 4- • • • 


collecting, wo have 


y" + (oi® — 202 ) 2 /"“' + ( 02 ® — 20x03 + 204 ) 2 /”“® + • • * = 0 (137) 


but the roots of (134) are —a, —b, —c • • • 
the roots of (137) are — o®, —6®, — c® ■ • • 

Thus, writing x in place of y, th(; equation whose Encke roots 
are the squares of the Encke roots of (134), is 


+ a2” 1 


-f a4^ 

— 2aia3 * 

— 2a2a4 

— 2 ( 1 3(1 r> 

1 

1 "\~2(ii(ih 

't’2(Z2€^6 


"~2ct6 

— 2aia7 





j»-4 + . . . 

= 0 (138) 


Stating equation (138) in words, we arrive at the law of for- 
mation. The coefficient of any power of x is formed by adding 
to the square of the corresponding coefficient in the original 
equation the doubled product of every pair of coefficients which 
stand equally far from it on either side, these products being 
taken with alternately negative and positive signs. 

Now repeat the process to equation (138) and obtain an equa- 
tion whose Encke roots are the fourth power of equation (134). 
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The next stage yields an equation whose Encke roots are the 
eighth power of (134), and so on. 

Suppose m = 64 or 128 or 256; since a > 6 , then is enor- 
mously larger than b'” or or and thus the sum [a*”] bears 
to its first term a ratio which is very near to unity. Similarly, 
[a”^h^] ~ a^b^y or, more precisely, since a > h > c > d 

[a”‘]/n^ = (I + €) where [a^*] = a’" + ?>»»» -f c”* •• • 

and € is very small. 

i.e., log [n"'] = m log \a\ + log (1 + e) 

log \(i\ = log [a”i ~ log (1 + €) 

We have calculated [a”‘] and can neglect 1///? log (1 + e). 

Note. — m is made large enough so that this is possible. Thus, 
Iff I is determined. Next 


= a”^b^'{l + 7 ) 
log a "‘6*" + log (1 + 7 ) = log 

log flb = — log [a^b”*] — ^ log (1 + 7 ) 
log I 6 | = ^ log [o’» 6 ”’] - log [o”] 

thus, \b\ is determined, and so on. In order to find the correct 
sign, we may substitute the root in the original equation. 

An all-important question is when to stop in our doubling of 
«). The time to stop is when another doubling of m would give 
a result not different in the digits we wish to include from the 
roots which would be obtained by stopping at once — that is to 
say, when the coefficients [a**"], of the new equation arc 

practically nothing but the squares of the corresponding coeffi- 
cients [o"*], [a”*!)"*] in the equation already obtained. This point 
will show up clearly, however, in a numerical illustration. 

Suppose we take a simple quadratic equation for illustration : 
(i + 2)ix -f 1) = 0. Here the roots are —2, — 1, and the Encke 
roots are 2, 1 . 
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The following tabulation is convenient: 

X* + 3* + 2 = 0 


V 

Square of coefficient 

X* X 

] 3 

1 9 

c 

2 

4 

doubled products 

-4 



1 r> 

4 


1 25 

-8 

16 

p* 

1 17 

16 


1 289 

-32 

2.56 

p8 

1 ♦ 257 

2.56 


1 6.6 X 10* 

-0.05 X 10* 

6..55 X 10* 

pia 

1 6.55 X 10* 

6..5.5 X 10* 

p denotes the original equation, 
p® is the equation whose Encke roots are 
Encke roots of p, 

p^ is the equation whose Encke roots are 
Encke roots of p^. 

the squares of the 

the squares of the 

pi6 

1 6.55 X 10* 

6.55 X 10^ 


1 42.8 X 10* 

42.8 X 10* 


-0.00131 X 10* 


p** has coefficients which are practically the squares of the 
coefficients of p‘* to the number of figures we wish to carry: 

p»® 1 42.80 X 10* 42.8 X 10* 

or (6.55 X 10*)* 

Thus, we will stop at m = 16. 

X* + 6.55 X 10*x + 6.55 X 10* = 0 is the equation whose 
Encke roots are the sixteenth power of the Encke roots of the 
original equation. 
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ai8 = [ai‘] = 6.56 X 10 ‘ 

log |o| = ^ log 6.55 X 10^ = j^log 10^ + log 6.55] 

= [4 + 0.8162] = 0.3010 

fl. = + 2 

[a''6‘«] = 6.55 X 10^ = 
log |rt61 = jg log 6..55 X lO'* 

log b = :i[4.8162] - 0.301 = 0 
Id 

f) == ±1 the roots are then —2, —1. 

COMPLEX ROOTS 
Suppose the equation 

+- • • • an = 0 (139) 

is of the fifth degree and has for its Encke roots a, 6, r, which are 
real, and which are imaginary 

Suppose |a| > r > |61 > \c\. 

Equation (139) can be written 

(x + a)(x + re‘^)(x + r€^^){x + ?>)(x + r) == 0 (140) 

and an equation whose roots are the m*** power of the roots of 
the given equation (Encke roots) is 
(x + a’”)(x + r*"€*’”^p)(x + r’”6~*’^)(x + fe’”)(x + r"*) = 0 (141) 
Let us multiply these factors: 

[x® +(a*“ + 6*” + c^) x^ +(a’^6'” + + 6’”c”*)x + 

[x2 4. 7.2m] Q (142) 

Note that 

y.w(gttw^ 4 2r^ cos niip 

multiplying (142), 

x^ + [{d^^ + b”' + r"0 + 2r"‘ cos vitp] x^ 

+ {[(®^>)"‘ + (oc)*” + (6c)"*] + (a"* + 6”* + c"»)2r"‘ 

cos nifp + X* 

+ {(abc)"* + [(a6)"* + (oc)"* + (6c)"*]2r"* cos + 

j.2m(^m 4 Jjm 4 ^*n)|;^2 

+ { (abc)"* 2r"* cos + r®"* [(a6)"* + (ac)"* + (5c)"*] }x 

4 r2»«(a6c)"* = 0 


( 143 ) 
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Now, since |a| > r > |61 > |c|, retaining only the dominant pari , 
this reduces to 

r® + + a^2r’" cos mBx^ + 

+ = 0 (144) 

Suppose also, that r > |a| > \b\ > |r|, retaining dominant part, wo 
arrive at 

^5 ^ 2r’” co^7ne'x^ + + {ahc) 0 


We see that a pair of complex roots introduces a cosine factor 
whose pr(‘sence will be indicated by a fluctuation in sign of one 
coofficicmt (which contains the cosine factor) as the root-squaring 
process is carried out. If in our equation the coefficient of 
fluctuates in sign, then there will be a coinph'x root whose abso- 
lute value r > |a| > |6| > |r|. Also, r always occurs to the 2m 
power exc(‘pt when multiplied by the cos to which it belongs 
We are now able to write down the algebraical equation whose 
roots (Encke) are some high power of the roots (Kncke) of th() 
given equation and which contains a pair of complex roots. 

If the equation contains two pairs of complex roots, there is no 
added difficulty; for instance, suppose the sixth-degrc'e equation 
having two pairs of complex roots such that \a\ > r > ri > \b\ 
remembering that r and r occur to the 2m power, then we can 
write immediately: 


X** + + 2(P”r^ cos ?W€*x* + cos nie'x'^ + 




(i4r)) 


or suppose 
then 


1«| > r > |b| > n 


X* + a*"a;® + 2r”'a”‘ cos mt'x* + a’”r^’"x^ -f- 

+ 2a’"r-"b’”ri”‘ cos mfx + a”b’'‘r-”‘ri^”' = 0 (146) 

We are now able to find the real roots and the absolute value 
of the complex roots, but we are also interested in the real and 
imaginary parts of the complex roots. 

Suppose that one pair of complex roots and three real rootsl 
Oo, bo, Co, of the preceding fifth-degree equation are the actua, 
roots — not Enckc roots, (u -4- iv), (u —iv) arc the actual complex 
roots. 

If the original equation is written 

r® + a,x* + ojx’ + Ojx* + 04X -f- oj = 0 


(147) 
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tlicjn the sum of the roots satisfies th(‘ relation 

2u + cio 4" bo 4" ^0 = (148) 

from which v may be found. When r is found, we may find v: 

V = \/r^ — u“ 

The two complex roots are thus determint'd, bo Co having been 
determined by the method previously discussed for real roots. 

CUBIC EQUATION HAVING ONE PAIR OF COMPLEX ROOTS 
x*’ - 15^- - 12() = 0 (149) 

Note. — 1.2()“ denotes 1.26 X 10- 



2.2r)‘^ donoU 

>s 2.25 X l()^ 

etc. 




rtrJ' 

a2X 


V 

1 

b 

-15 

-1.26* 


1 

__ 

80 

2.25=“ 

0 

1.588" 

p* 


80 

~2T25=“ ” 

1^)88" 


1 

9.(K)2 

-4.50’ 

5.063< 

-95.28" 

2.528* 

0 


1 

4.50^ 

-90.22" 

2.53* 


1 

To2« 

18.044 6 

8.1" 

-2.28" 

6.4 '» 

pS 

1 

~ 20.066 

5.82" 

(T'io'''^ 


1 

4.02''* 

-1.164'=“ 

3.38-6 

-2.576* 

4.09** 


1 

2.86'=“ 

.8P* 

4.09** 


1 

8.81 8=“< 
-0.162=“« 

6.54"6 

-23.4"s 

1.67” 

p92 

1 

8.02=“^ 

- 16.86"* 

1.67” 



6.41« 

0.00337« 

2.84*6 
Stop as soon 

2.79134 

as doubled prod- 


ucts become negligible. 


6 . 413 ^« 
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Stop at p**. Note. — 'We may use a slide rule for the root- 
squaring process, but from now on it is best to resort to longhand, 
whence our results will be correct to the third digit. If we con- 
tinue to use the slide rule, our results will be correct only to the 
second digit. This is because the value of the roots depends 
largely upon the exponent to which the (10) is raised, as, for 
iastanco, the coefficient of is 8.02 X 10-''. When we take 
logarithms, the value of the root is determined largely by the 
24. By using the slide rule in the root-squaring process, we can 
arrive at the correct exponent. 

We note that the coefficient of x oscillates in sign as we carry 
out the root-squaring process. This indicates a pair of complex 
roots. We may, therefore, write down our p™ equation. Also, 
we know that !«! > r, since the cosine term is in next to the last 
term. 

a;® -1- o’“x- -f- 2rt’"r"* cos nid x + o”*?’®”* = 0 (150) 

pss = + 8.02 X 10=<a;® - 16.86 X 10 «j + 1.67 X 10«’ = 0 

(151) 

Now continuing our work m longhand, comparing (149) and 
(150), and noting that 7n = 32, 

log = 24.9042 
log |a| = 0.7782 
a = 6.00 


It is necessary to use four-place logarithm tables to find the root 
correctly to three places. 


log (ar®)" = 67.2227 
log ar* = 2.1007 or* 


r 


126.1 

126A 

6 

4.59 


= 21.01 


2u -1- o = — oi from (148) 

2u = -6 _ 

„ = -3 r = \/r* - «* = \/21.01 - 9 = \/l2 = 2\/3 


.•. u ± iv =‘ —3 + 2 -y/3 i 
a — Q 


The roots arc 
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SEVENTH DEGREE EQUATION HAVING TWO PAIRS OF COMPLEX 

ROOTS 

To find u, V] u'j V* 

Consider a seventh-degree equation having the roots 
(iQjbojCoy u ± iVy u' ± ir' 

The equation may be written 

{x — ao){x — bo){x — co)(x — + iv)(x — u — iv)(x — w' + ^y) 

(x- u' - iv') = 0 

?.e., 

(x — ao)(x — bo){x — Co)(x^ — 2xu + + v^)(x^ — 2u'x 

+ m'* + »'*) = 0 

(x — ao)(aj — bo)(^ ~ cq)(,x^ — 2xu + r-){x'^ — 2u!x + r'^)= 0 
[x^ — (an + bo + + (^?obo + OoCn + boCo)x — a„boCo] 

[xr — 2xu + r^][x^ — 2u'x + r'^] = 0 

Multiplying out, we have, for the coefficient of j, 

2 2 

(aobo + aoCo + boCo)rV' + 2waoboror' + 2u'aoboCoy 

or 

(aobo “t” ^0^0 4" boCo) “h 2aoboCn(wy 4” = Ue (152) 

of which all is known except u and u'. 

We also have, of course, the equation 

^0 4" bo 4“ O) 4“ 2u + 2ii' = “"Oi (153) 

from our original equation 

4* cLiX^ 4- a2X^ + a^x^ 4- + a^x^ 4- aepc 4* ^7 = 0 

From (152) and (153), we can find u and u\ Then v and ^ can 
be found as previously discussed. 

SEVENTH-DEGREE EQUATION HAVING THREE PAIRS OF 
COMPLEX ROOTS 

Write equation in form 

(x - a)(x — Ui - jvi)(x - Ui+ jvi)(x - W2 - jv2)(x - Ui 

4“ jv2) • • • = 0 

(x — a)(x^ — 2m ix 4" ri^)(x^ — 2u2X 4- r2^)(x^ — 2m 3X 4- rs*) = 0 
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Multiplying out: 

{x^ — 2a\X + — ^u^x + = [x^ — 2(ui + u^x^ 

+ (r-i^ + ^2“ + ^U\n2)x^ — 2{ii2ri^ + U\ri^)x + 

Multiplying this oxprossion by {x^ — 2/^3^* + ra^), wo have 

X® - 2(ui + U2 + //rO-r* 4- (ri^ + ^2“ + + ^U\U2 + 

+ 4U2l(li)x^ 

— 2{u2rr + Uir2^ + + H3r2^ + UiVu- + ?i2r3^ + 4uiU2H:i)x^ 

+ (rih2^ + rrrr + ^3*42“ + 4u3U2rr + 4?^3Wi/*2^ + 4uiU2r^^)x^ 

— 2(/^3riV2^ + 1-112 + nir2^rA^)x + = 0 

Now multiply by {x ~ a) and find the coofficiont of x to be 
(rrr2“r.,“ + 2ariV2“//3 + 2(irrr2“U2 + 2nr2-r,i^U]) = 

Also, the coefficient of x- is found to be 

— 2ri^r2^uz — 2rzhi'^a2 — 2r2^rzhi\ — a(riV2^ + riVs^ + rzh2^) 

— 4a(ri2w2W3 + r2hi\iiz + rzhi\U2j = —ub 

And, likewise, the coefficient of x^j which is somewhat simpler 
and is the equation used in the illustrative problem, is found to be 

{ri^ + r2^ + r;r) + 4(//i//2 + ^ 2^3 + fiU(z) + 2n(//i + ?/2 + Vz) 

= Oj 
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APPLICATION TO A SEVENTH-DEGREE EQUATION HAVING 
THREE PAIRS OF COMPLEX ROOTS 

- ().5x^ + 2x^ - 2.5 = 0 

+ (i]X^^ + (hiX^ + + f^bX'^ + + (ii 



J-7 


X ' 

j' 

j-' 

X' 

X 

(’ 

p 

T 

0 

0 

-0 .") 

2 

0 

0 

-2 5 


1 

0 

0 

0 2.") 

4 

0 

0 

6 25 




1 

0 

1) 

2 .3 

0 


/>’ 

1 

0 

4 

0 2.3 

4 

2 .3 

0 

6 2.3 


1 

0 

16 

0 062.3 

16 

6 2.3 

0 

3 91' 



- 8 

8 

- 32 

- 1 2.3 

3 1.1 

~ 31 25 



1 

- 8 

24 

-31 04 

11 73 

0 38 

-31 2.3 

.1 91' 


1 

61 

5 76= 

1 02' 

2 10= 

8 80' 

0 80= 

1 .33= 



-48 

- .'i 1 1 * 

- 0 700 ' 

.3 00= 

02 .1' 

-7 34 = 





0 20:i= 

- 0 1.30' 

- 1.3 0= 

-- J30' 







0 062.)‘ 

6 2.3 





1 

16 

0 04.")= 

0 22.1’ 

- 0.37’ 

- 1 40’ 

2 46 • 

1 .33' 


1 

2 .’»6^ 

8 8.1' 

4 03’ 

.1 2.3 « 

2 22" 

6 0,3’ 

2 34" 



- 1 88" 

-7 14« 

1 08’ 

66.3’ 

0 0276" 

4.3.3* 





-0 114’ 

- 1 76' 

46 2‘ 

0 68" 







- 0 010’ 

- 40' 




/>>« 

1 

6 81 

1 .58' 

1 20’ 

6 6.3* 

2 0.1" 

4 61" 

2 34" 


1 

4 62’ 

2 .j" 

1 ll" 

4 42” 

8 .30'" 

2 13'' 

5 48''' 



3 16’ 

- 1 63" 

-21" 

- 0 704” 

- 6 14'* 

- 1 37'*' 





1 33« 

3 OS’ 

- 0 146” 

0 0.362'= 







- 0 0024" 

- 0 0032” 




/,.2 

1 

1 46' 

2 20'' 

- I .37* 

3 86” 

2 .306' = 

7 6'’= 

5 48' = 


1 

2 13„ 

4 84' = 

2 46'" 

1 40= * 

6 3=4 

.3 78"" 

3 00=- 



- 4 40« 

4 .39' = 

~ 1 70'« 

0 0787=* 

- .3 87=’ 

- 2 75 =" 





0 772' = 

0 007 '» 

0 0003’ 

- 0 0172=' 







- 0 00002'" 






1 

- 2 27« 

1 02i» 

7 67” 

1 .37’’* 

4 13” 

3 03=1 

3 00=5 


1 

5 l.-j's 

1 04=* 

.3 SS’ii 

2 46*" 

1 71 ’7 

0 18i« 

9 00*0 



-20 l' 2 

0 03.-) =• 

-3 X 1 7‘" 

0 00006’" 

-05 2*7 

- 0 248'*« 






-0 00001 0"‘ 

- 0 00006’" 




y,lM 

1 

- 1 .53'« 

1 07.)=" 

- 2 .38 '• 

2 46*" 

- 0 3.3*« 

8 03 •» 

9 00"o 


1 

2 34 « 

1 17'= 

6 667= 

, o 

8 74*7 

7 07'0' 

8 I'o' 



- 2 l.V« 

-0 008-’ 

- .3 37= 

(KKK) 

- 4 ;io*7 

0 168'®' 


/;=•« 

1 

1 0=1 

1 16 = 

1 367’ 

6 0.3'»2 

4 3.3*7 

8 14‘«‘ 

8 1"*» 


1 

.3 61'»« 

1 3.-)>«< 

1 8.3»” 

3 66'»'* 

1 80'** 

6.63=0= * 

6 .36*«» 



— 232 '•« 

000 

-14 l'« 

000 

0 08.3"’" 

(MM) 



7 )&is Coefficients are practically squares of 
. Stop at m »= 256 
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Let US rewrite the p equations for comparison: 






X* 

X* 

X2 

X 

c 

p 

1 

0 

0 

- 0.500 

2.00 

0 

0 

-2.50 


1 

0 

4 

0.250 

4.00 

2.50 

0 

6.25 

p* 

1 

- s.oo 

24 0 

-31.94 

14.7.5 

9.38 - 

-31.25 

3.91* 


1 

16 0 

9.45* 

2.232 

-5 7* 

-1 49* 

2 462 

1.53* 


1 

6 SO* 

1 58* 

1 2(V 

6.65* 

2.93* 

4.61* 

2.34* 


1 

1 46> 

2.20* 

- 157» 

3S6" 

2.51*2 

7 6*2 

5 48*2 


l' 

- 2 .^ 

'~T.o'2*^ 

7.67>^ 

1 57=’ 

4.132* 

”3To32«~ 

3.002* 

pl2i 

1 

- 1.53** 

L682e 

- 2.5S*« 

+ 2.46“ 

-9.35**' 

8.93*«’ 

9.00*® 

p2M 

l' 

1.902* 

1.16*2 

1 36^2 

6 6.5^ 

4.35»’ 

8.14*®* 

8.10*®* 

p266 


4* 1 

.90*® a-® 

+ 1.16®* 

a-® + 6.0 

5®* x» + 4 

1 35»* 






a 

■* + 8.14 

'“‘x + 8.10’®‘ = 0 

(154) 


In the above tabulation the coefficients of a:®, x*, x^, oscillate in 
sign, indicating three pairs of complex roots, 

The remaining root (o) is real and the smallest numerically. We 
can write down the p” equation as follows : 

x^ + 2ri’'‘cos wfli*® + + 2 ri^”*r 2 ”*cos mOiX* 

+ ri-"'r 2 *'"x® + 2 ri*’"r 2 ’‘'“r 3 ”‘ cos ttiBiX- 

+ r,*’’‘r2®’"r3*”*j: + ri''®”'r2*”^3*’”o’“ = 0 (155) 

Using equations (154) and (155) for comparison: 


m = 256 

log(r,2)'» = 52.0645 logri^ = 0.2034 

ri* = 1.597 

log(riV2*)“ = 92.7818 logriV** = 0.3624 

ri*r2* = 2.304^ 

log(rj*r2’‘r3*)’" = 101.9106 logriV2V3* = 0.3981 

= 2.501 

log(riV2V3®)’"o”* = 101.9085 logri*r2“r3“a = 0.3981 

ri*r2Vs*a = 2.501 


^ 2.501 
2.501 


1.000 


logr, =0.1017 ri = 1.264 n = 1.264 rh = 1.597 

log rjr2 = 0.1812 rir2 = 1.528 r* = 1.209 rS = 1.443 

log rir2r3 = 0.1991 riTiTs = 1.582 n = 1.035 t\ = 1.086 




SOLUTION OF EQUATIONS 
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It remains to find iti, « 2 , uj, »i) i>a- The complex roots may be 
written ui ± iv\, u* ± ivt, us i ivs. 

Now the sum of the roots is equal to — Oi = 0 =* coefficient 

of X® i.e., 

Wi + Ua + Ua = — 2 (I'iC) 

('oefficiont of x, 

riVaV:,* + 2ariWua + 2arrr3^U2 + 2artWui = tte (157) 
( 'oefficiont of x®, 

(ri^ + ra'-* + ra^) + 4 miU2 + 4«iM.s + 4M2Ua + 

2a(ui + Ui + ut) = Ui (158) 

Equation (156) becomes mi + iii + wa = ~ 0.5. (157) becomes 
2.501 + 4.608«8+ 3.4691/2 + 3.134«i = 0. (158) becomes 4.126 

+ 4(wiM2 + MiMa + UiUa) — 1=0 

From (156) and (157) /‘liminate i/a and //. in terms of ih by means 
of the following two equations 

f/,2 = 0.1729 - 1.2941/1 \ 

I //a = -0.6729 + 0.294a,/ 

Substitute in equation (158) and get 

0.7815 +0.1729ui -1.294ui* 

-0.116:1 -0.6729//, +0.294«,» 

+0.0508//, -0.3804//,“ 

+q.8TO7H, 

0.6652 +0.4215ai -1.38ui“ = 0 

which is quadratic 

0.4215 ± y'O.nTg + 4 X l.: i8 X 0.66 52 

ui = ~ — 2.76 

w, = 0.864 

The other value of ui does not satisfy the original equation. 

= VT^7 - 074^ = \/0iS5 = 0.922 
.-. Ml ± jvi = 0.864 ± jO.922, correct to three places. 

Ui = -.946, 1/3 = -0.419, Vi = 0.75, mj = 0.954 

.-. the roots are n = +1 

M, ± = 0.864 ± 0.922j 

Ui ± jVi = -0.946 ± 0.760i 
Ma ± ji'a = -0.419 ± 0.964j 

correct to three places 



154 


HEAVIHIDE'ti OPERATIONAL CALCULUS 


COINCIDENT ROOTS 

SuppoBO the roots «, b, b', r, d . . . arc Elncke roots, handh' 
are coincident. And |rt| > |6| > |rl > |rf| > • • ■ Wc can write 
the equation 

(j- + a){x + b){.v + b'){x + r)(j- + d) ■ • • = 0 

The ecjuation whose l<]ncke roots arc* the m''' power of the Encke 
roots of the given equation is 

(.r + a“')(x + b”'){x + b'"‘){x + + d"*) * ‘ * =0 

which may be written 

j-n ^ + },m 4 . //>» 4 . ,•>» + ({«' ■ ■ • -|-[(«6)'” + (06')''' 

+ ibb')"' + (6e)'" + (b'c)"‘ + (f/d)"' + (bd)"‘ + («r)’" + (ud)"' 
+ • • • ].r"-= + [(«5e)’” + ((tbb'y + (abd)"' + • • • + 

[(abb'cy + • • • Jr"-' + • • • {abb'cd •••)“ = 0 

detaining only the doiniuant terms, we have 

j-i> 4. a"x'‘~' +[2a"'6"'Jj;"~- + (i’"b'^”'x'‘~^ + a"‘b'^”'c’"x'‘~'^ H- • • * 

= 0 

Notice the coefficient of x”~'^. If in is doubled, the coefficient 
obtained will not be approximately the square of the correspond- 
ing coefficient as has previously been true, but will be approxi- 
mately one-half the square of the corresponding coefficient. 
The coefficient of x'‘-“ is (2«’"6“). (Squaring we get 4o®™5-"'; 
doubling m we get 2a®"'5*"'.) 

Thus, we can detect the presence of the coincident root. 

Illustrative Example : 

z* + 7x^ •+• I 61 ; -H 12 = 0 

The successive (‘quations are 

a;» -f- 17a;* -1- 88x -|- 144 = 0 
p* x» + 113x* + 2,848x + 20,736 = 0 

p" X* -I- 707x* -f- 3.43 X 10“x + 4.3 X lO" = 0 

/;*' x’ + 4.32 X 10*x* -|- 0.565 X 10'»x + 1.85 X 10'* = 0 

X* + 1.85 X 10'»x* + 1.65 X 10*»x + 3.42 X lO^ = 0 



SOLUTION OF EQUATIONS 


ir)r) 

It is evident that the eoefficients of p®'* would be the squares of 
the corrcisponding coefficients of except in the case of the 
coefficient of x. This indicates the presence of coincident roots, 

+ a™** + 2a’^h’”x + a”'b^'" =0 I®1 > 1^1 

log = 15.2679 log |fl| == 0.4771 |«1 = 3.00 

log = .34..5339 log \b[ = 0.3010 |I>i = 2.00 = V 

The actual roots are —3, —2, —2. 

PURE IMAGINARY ROOTS 

To be definite, take a cubic equation having one real root, a, 
and one pair of imaginary roots, r£+^*, re"'®. 

(x + a)(x + r£'*)(j: + rt"'®) = 0 (159) 

is the equation whose roots are the given roots with their signs 
reversed. 

(x + + r’"£""»)(a' -|- r'"*"'”®) = 0 (160) 

has Encke roots equal to the m“‘ power of the Kncke roots of the 
preceding equation. Expanding, we have 
3-9 _j_ 2r” cos m0)x^ + ( 20 ”^"* cos m0 + r~")x + fl’"r*’” = 0 

( 161 ) 

Now let 0 = ir/2 

+ ^a"* + 2r’’' cos + ^2a»*r™ cos vi^ + r*™^® + 

a^r^™ = 0 (162) 

Suppose |tt| > r and retain the dominant part 

p*" is I* + a"®* + 2a’“r’“ cos + o^r*” = 0 (163) 

When m = 2; le., finding p*, we have cos r, which is (— 1). 
Thus, the coefficient of x when m goes from p to p* will change 
sign, but when m goes from 2 to 4, or 8 to 16, etc., we have 
cos 2ir, cos 4ir, cos Stt, which is always positive. 

Also, note that doubling m gives for the new coefficient 
cos xm = 2o*”^*’". But the square of the original 
coefficient is 

4a®”'r®”'^cos 

For example, take m = 2 in equation (162): 

X* + (a® + 2r® cos x)x® + (2£j®r® cos x + r^)x + a-r* = 0 (164) 
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Now, if the real root, is larger than r, it will be much larger 
when m reaches 32 or 64 or may be so when m = 2. 

Retaining the dominant part and doubling m, we have for the 
coefficient of x, 2a^r^ cos 2t. But the square of the coefficient 
of X is 4a^r^ cosV, which is twice that obtained by doubling (ni). 
Therefore, to detect the roots ±jv: 

1. There will be one change of sign of the affected coefficient, 
namely when m goes from 1 to 2, after which the coefficient of 
that power of x will always be of the same sign — i.e,, when m is 
going from 2 to 4 to 8, etc. • * • 

2. As the root-squaring process is carried out and \a\ becomes 
enormously larger than |r|, the affected coefficient will be approxi- 
mately one-half the square of the preceding coefficient. 

Application to a Circuit with Concentrated Constants. — A 
voltage E is suddenly impressed upon the following circuit at 
time i = 0. Find the current in the coil of inductance L at time 
t after the switch is closed 



L 

Vm. .W 


The total impedance operator is 

?■ _ p I _ (^ + pLi) {p^CL + 1) + pL 


giviiiK tho current in the resistance R 

. _E1 _ Eip^CL + l)i 

Z~ (R + pLi)(p*CL + 1) + pL 

Now, if i is the current in coil of inductance L 
i coil admittance "i-tpE 


branch admittance 
1 + p*CL 


pi+’^ 



SOLUTION OF EQUATIONS 


J57 


Thus, 




Ei 


' CLLip* + RCLp^ + (L + L,)p + R 
Suppose E — 100 volts L = L\ — 2 henries 


R — 400 ohms 
(7 = 1 farad 


I'lien 




100 / 

4p» + 80{)p* + 4p + 400 
Solving by use of the expansion theorem, 

F(p) = 100 

Zip) = 4p» + SOOp'* + 4p + 400 = 4(// + 200p“ + p + 100) 
Pj^ = 4(3p* + 400p* + p) 


'dp 


E 

R 


100 

400 


1 

4 


■/ = + 
^ y ~ 
^( 0 ) 


Til- 








whero the summation is for the roots of Z{p) = 0. Applying the 


root-squaring method : 

p' 

X 1 

p“ 

200 

P 

1 

c 

100 


1 

4* 

1 

1* 



-2 

-4* 


X^ 

1 

3.9998< 

- 3.9999* 

1* 


1 

15.9984* 

15.9992* 

1* 



7.9998^ 

7.9996* 


X^ 

1 

1579992* 

15.9984* 

1* 


1 

~256J74T‘« 

255.9488'* 

11* 

x^ 

1 

256.9744'* 

255.9488’* 

l'» 


There is no change from (x^y to x®, so we can stop with x^. 
The coefficient of p oscillates, indicating a pair of complex roots. 
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The equation whose roots with sign reversed arc the w‘** power 
of the roots with sign reversed of Z{p), is 


p3 _|_ ^ (2rt'»r'" 

a-" = 15.9992 X 1()« 
m log a = log 15.9992 X 10® 
since m = 4 

log fl = J X 9.204098 


cos mO)i) + = 0 

(«»•-)"' = 10® 

4 log (if^ — 8 
log «) - = 2.000 

= 100 


log a = 2.3010245 
a = 199.9975 




r 


100 ^ 1 
200 “ 2 
■y/\l2 


Pi = -199.9975 


The easiest way to find the other roots is to divide the original 
equation by (p + 199.9975) and solve the resulting quadratic 

//■! + 0.0025p + ().5p = 0 

Thus, 

P2 0.00125 +jV1/2 

p.,= -0.00125 - jVi/2 


By the root-squaring iiK'thod, we procec'd as follows : 

I U + fV 

The roots are j ?/ — iv 

l« 

and since the sum of the roots is eciual to minus the coi'fficient 
of P^ 

*2ii (t “ — 200 

?/ = - 0.00125 

r = \/l/2 V = y/r'^ — 


The roots are then 

Pi = -199.9975, Pi = -0.00125 + 0.707j, 

pn = -0.00125 -0.707j 


dZ 

^Tp 


= -3.125 xi0-«e-’»» ’'”'“ 





SOLUTION OF EQUATIONS l.'iO 

The other two roots = 0.707[90W, ^ 0.707|269°.-)4' give 

]0()p{-U.00I25+U.7O7j)( 

4(1.065 |270'’18' +'2()0 ]l80“12 ''+ 0.707|^06^ 

100c<“" »l>126- 707; )( 

4(1.065 j89°42''~ + 2(K) |179°48' + 0 707!269°54') 
which become on being rationalized and simplified 



= — 0.25c"‘'’ cos (0.707/ — 0) whi're fan 0 = 

o 

e = o°i8' 

Therefore, the answer is = 0.25 — 3.125 X 10“®c'’'’® 

- 0.25e-*-»«®« cos (0.707/ - 0*18'). 

Application to a Circuit with Distributed and Concentrated 
Constants. — A voltage E is suddenly impressed upon an “ideal” 
cable of length I through a concentrated inductanci* Ln. Find 
the voltage I'u at the iieginiiing of the cable. 



Fit} r><i 


,, • T • yi()Sinh//i . , VopLoY fiinh nl 

' n cosh nl n cosh nl 

„ __ El y. _ nE cosh id . 

° ^ pLoY sinh tiV " n cosh 7d + pLoY sinh rd 

n cosh nl 

y _ nE cosh nl ^ 

® ^ n cosh nl + p^CLo sinh 7d 
since = pCR and Y = pC 


( 165 ) 
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Transforming to circular functions by substituting »-* = — m*, 
n = ± 3 m, 


Vo = 


± jm E cosh ( ±jml) 


± jm cosh (±jm0 + p^CLo sinh {±jml) 

Em cos 711 1 


1 = 


ii (166) 


m cos wi/ + p^CLo sin 7nl 
Y (p) = m cos 77il 

Zip) = ni cos r/tl + p^CLo sin /nl (167) 


F(0) . .. , TO cos ml _ , 

IS the lunit of — — , , ini —- — }** 
Z(0) TO cos »/t + p^CLo sin ml 




= lim 


/-CR 

\ 


' — CR cos 7nl CRl sin nil 
'2m 2 


as m approaches zero 

) 


— CR cos ml , CRl sin ml v^C‘^RLol cos ml , ^ nr • i 
— r™— + — 2 2»r— - +7pCU«nml 


El 


as TO approaches zero, 




a r (—CR cos ml + mCRl sin 7nl)E\ "| 

/i-»o L —('R t'os ml + CRrnl sin ml + p^CRlLn cos ml -f- 4w/>(7Losin ml] 


= E1 
dZ 


dm 


flp ” cos m?) + 2pCLo sin 7nl 


= pC/2 = — m- —270^ = C/2 

f/p ap 


2m 


dZ 


— C/2 cos ml CRl sin ml 
dp 2m 2 

Lop'^C^Rl cos ml 


2m 


+ 2pCLo sin ml 


dZ _ —pCRcosml pCRl sin ml 
'^dp 2 to ■■ 2~ ■ 


p^C^R Lpl cos to! 
2 to 


+ 2p*CLo sin to! 


TO cos toZ TO*i . , , p^CLolm , , „ . , 

= ~'2 ' ■“ 2 “ ~ — 2 — 2p*CLo sin ml 



SOLUTION OF KQUATIONS 


101 


Equating Z(,p) to 0 


tan a = 


m cos ml = —pK'Ln sin ml (168) 

-m ^ -€RH^ 

p^-CU P^CUl Lnd^' 

y{p) 1 

(iZ 1 ml tan ml , p^CLolm , 2p^CLo , , 

"dp 2- 2 + 2.. + » 

the denominator = ^ — — 2 — .r^„- 

2 2 2 tan a 

3 a tan a a 

~ 2 2 2 tan a 

Y{p) 2 

— 3 — « tan a — ^ 

dp 


tan a 
2 sin a cos a 


2 sin 2a 


-3 cos a sin a + 2 q!( — cos^ sin'-^of ) 2a+3 sin 2 q; 


and 


Vo = 


2 sin 2a 
2a + 3 sin 2o 


_ 

t vm* 


(169) 


(170) 


where 


cm^ 

ton , . - 1 -^ 


Substituting numerical values: 

2 

C - - farads per loop mile 

o X lu 

R — 2 ohms per loop mile 
Ln = 1 henry per loop mile 
/ = 200 miles 


equation (168) becomes 

. 12.8 

t an a ^ (171) 

a*' 

In order to apply the root-squaring method to the above 
transcendental equation, tan a must be represented by a suitable 
infinite series which converges fairly rapidly. 

tan a = a + 3a* + j^a* + + ||“g + • • • (172) 
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where a-* < ^ • But writing equation (171) as cot a = 


stJiies can be used representing cot a for larger values of a, 
a® 1 a 2a^ 

12.8 "" a 8 ~ 46 ” 945 


cot a == “” 


a* 

4;725 


— Of** 

12 . 8 ’ ^ 
Thus, 

• (173) 


where o’* < n-. Using this much of the cotangent scries for 
purposes of calculation, we get this etjuation to solve: 

02 32.2 , _ 2o« _ o'* 

3 576 “ 945 4,725 


0 = 1 


(174) 


Letting x = o* and simplifying, we have 

x" + 10x» - 264x* + l,575x - 4,725 = 0 (175) 

to solve by the root-s(juaring method. 


Note. — 

-2.64'* 

= -2.64 X 10®, etc. 

Tabulating: 



X'‘ 

x® 

X® 

X 

c 

V 

1 

1' 

2.64® 

1.575® 

-4.725* 


1 

1® 

7.0^ 

2.48® 

2.24® 



5.28® - 

3.15^ 

2.495" 




— 

0.95^ 



p* 

1 

6.28® 

2.9< 

- l.S" 

2.24® 


1 

3.95® 

8.4" 

2.258 

5.02“ 



-0.58® + 

0.188« 

-18,()()08 




+ 

0.448® 



p* 

1 

3.37® 

9.036" 

- 1.3^2 

5.02“ 



1.135“ 

8.16“ 

1.69®^ 

2.52®» 



-0.018“ + 

8.76” 

- 0.90®" 




+ 

0.01” 



p* 

1 

1.117“ 

16.93^ 

0.79®" 

2.52®» 


1 

1.245®® 

2.86®" 

6.25^ 

6:34^8 



-0.177®" - 

QC 



pi« 

1 

1.245®® 

2.683»" 

- 2.25"® 

6.34®» 


1 

1.55“ 

6.69®® 

5.08"" 

4.02“® 



0.006®® 

0.006®® 

-33.76»" 



~1 

1.55“ 

6.696®® 

- 2.868»‘ 

4.02“® 

X'' + 0 

“X® + 0 

"'5"x® + 2a’"5’ 

cos mdx + 

= 0 
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where m = 32 

la| > |6| > )• 

The complex roots arc the suiallcst in absolute value and are 
determined mainly by the first few terms of the scries. 

32 log 1«| = (log 1.55) + 44 log 1«| = _ 1.38095 

|«| = 24.04 and is negative t.c. a = —24.04 

“ = +j\/24.04 = ±4.9j (does not 8ati.sfy) 

32 log lo5| = 72 + log 6.696 
log \ab\ = 2.27581 \ab\ = 188.8 b = 7.853 (positive) 

32 log (fl/jr2) = 117 + log 4.02 = 3.67513 
abr^ = 4,733 
1-2 = 25.0688 

|j-| = r = 5.(M) H = ±\/r = ±2.24 
a + b + '2u = — 10 

-16.19 + 2i/ = -10 0 = = 51.7° 

2«. = 6.19 T = 5.00[517" 

« = 3.10 a = ± 2.25 |±26'> 

The real roots are determined graphically. 

0(1= = ±2.18[26° (successive substitutions) 


«! = 2.38 radians 

= 136°21'50" 

ao = 0.23 radians 

= -3''02'21" 

S 27r 

as = 9.41 radians 

= -0'>51' 

^ 37r 

a4 = 12.57 radians 

= -0°22' 

^ 4ir 

a5 = 15.7 radians 

= 

^ Stt 

ao = 18.85 radians 

= -OW' 

^ Or 


Substitute the roots in equation (170) 

Vo = £[- 2.2^6- cos (117t + 130) + 1.13e-‘”' + 0.017 

^ 0.00316t-“ ’««‘ + O.OOle-^ **" + 0.0002e-‘' • • • ] 

At < = 0 

-2.2 cos 13« = -2.2 X 0.974 = -2.14 
Fo = -2.14 + 2.14 = 0 
At t = 00 

Vo — E the battery potential 



C CHAPTER XXIX 


LIST OF OPERATORS AND FORMULAS 


Equivalent Operators : 


i = 


1. , i — c f 

+ a 

2. 

p a 
3. — Y ^ 

(p + a)(p + /3) a - 0 

ft ^ [6-®' - €-“'1/ 

(p + «) ip + P) « - ^ 

If «o* > a*> w® = “0® ~ «® and tan </> = w/a, Then 


7 

i • o I r% 


+ 2ap + Wo 


p^ + 2ap + wo^ w 


^ ,sin (w^ ~ 0)^ 


i = ^ ~ sin w/ / 


7;^ + 2a77 + Wo 


.y = \ 1 ~ sin (w/. + <<>) y 

® wo'^L ^ 


If > a)o2 and if (-m) and (-7/) aro the two roots of the 
equation + 2o£7; + wo^ = 0, then 


Vl -i = - ^. - - me-”^]i 

p* + 2op + wo® n — in 


11. i 

fn* 


p* + 2ap + wo^ n - inr 

164 


^—ni] 



LIST OF OPERATORS 
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12 1 y = [ J L 

p* + 2 ap + 0 ) 0 * L " 0 * n — ot\ to w / J 
If a* = 0)0*, then (two equal roots). 


13. 


V" 4 = *-/(! - «0/= - 


p* + 2ap + 0)0' 
V 


\p + «)* 


(p'+ a)*' 


15. 


- e-««(l + aO]^ = 


*> I rfc I *>■ — /- I \*->* 

7 ?^ + 2 otp + wo“ 

1 

-f 2a7> + Wf> 

'/j /»<— 1 

16. ^ = e^, -J 

{p — a)” 71 — 1 

I /" 

17. \i = ; '/ 

7>" I'// 

18. Sino)<y = o'f 

P* + O)' 

.. o 

19. Cos wti = 


(p + «)“ 


p* 4- o)* 


20. Sinh uti = 


p2 _ ^2 


21. Coshw^y = -TT-^ ' 


7^2 — Q,-' 


22. 6“^^ sin (jjti = 


7^40 


(7> +^/3)2 + a,- 


23. emui- 

24. 

, , p* COS <b + up sin <#)^ 

25. cos {ut ± <t>)1 — + w* ^ 

-Bi ■ t 4 j. ± p(p + 0)_sin 

26. t ^ sm (ut ± <l>)i = - ■ _|_ _|_ ^2 7 

27. CO. M ± *)4 - ?” *4 

(ir+"2 J' ■ 
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29. 




+ a-)^ 


- ,ga(a=* - + „2) j/ 

1 


_ — , [sin {o)t — /3) + € “' sin ffj/ 

«\/«* + w® 

sin = sin /tan-' ") = / " , 

\ a/ s/a^ + w'' 

Relations Involving Hyperbolic and Allied Functions : 

:u. e±“- = 1 ± ± ± • • • = cosli ^ ^ 

32. = 1 ± J> - + il" + ^ • • • = ‘‘OS ^ ±3 


I-* 


33. sinh ^ + |3 "I" j 5 

34. cosh ^ = 

. ar’ . T® 

35. sin X = X — + j 5 ~ ‘ 

X“ x^ 

36. cos X = 1 - g • • 

37. sinh jx = j sin x 

38. cosh jx = cos X 
.39. sin jx = j sinh x 

40. cos jx = cosh X 

41. sinh (-x) = - sinh x 

42. cosh (-x) = cosh x 

43. cosh® X — sinh® x = 1 

44. f sinh nx == n cosh ax 
ax 

45. -f cosh ax = a sinh ax 
ax 


— f ^ 
2 

^ + <-■' 

2 

_ e'-' — e-'* 

“ 2j 

+ t-‘' 

2 
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46 

47 


sinh axdx = cosh ax 
a 


cosh axdx = sinh ax 
a 


f 
I 

48. sinh X = a; ^1 + ^1 + ^222) ’ 

=^n(i+;;) 

49. cosh X = (1 + ) (1 + (1 + ■ • • 

»—.[', -(:)’ii,"-'(!y||,.(j| 

»--i-e)'][-©'i[-e)'i 

52. sinh (x ± jy) = sinh x cos y ± j cosh x sin y 

= \/ sinh^ X + sin- y [^i 

53. cosH {x ± jy) = cosh x cos y ± j sinh x sin y 

= y/ cosh^ X — sin^ y 

54. sin {x ± jy) = sin x cosh y ± j cos x sinh y 

= \/ sin^ X + sinh 2 y [<#>3 

55. cos (x ± jy) = cos x cosh y + j sin x sinh y 

= y/ cos^ X + sinh^ y 


tan 01 = ± coth x tan y 
tan 02 = ± tanh x tan y 
tan <t>s — ± tanh y cot x 
tan 04 = T tanh y tan x 


Where 
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Factorials and Miscellaneous Formulas : 


/I ,13 ,1-3 5 , ' 1 n / ' / 

/ — V»’2 V "■2 2 * ”'2-2 2 +'''*■ I — -Virj “rj.3V» 

I I 


56. {x + y)" = a-” + nx"-^y + |2 'y' 

+ ±<"_- . . . 

P’‘(uv) = u + Iip’’-'(v)p(ii) + “^”|2 ■'/'*(“) + ■ ■ ' 

/i I t L ^ 1 1 o 1 1 1 i I 

57. "v/l ± * - 1 ± 2"*^ ~ 2 4^" “ 2 4 ! 

58 . -7 ^ = 1 + 9^ + 9 + 9 4 A** + ■ ■ ■ 

\/l ± X 2 24 246 lx2<l 

59. , ^ = 1 + j- + x* T X® + • • • 

1 ± a: 

50- 1 ? , = 1 + 2j + + 4a:® + • • • 

1 ± X® 

Ai 1 1 _i_ 1 

61. 4 = 1 - 3 + 5 ■ • • 

62 . s' = 1 + 3 ^ + 5 ^ + • • • 

2 . . 'By Fourier’s series 

63 . ^- = 1 +2.4-3,+ • • • 

64. j2 ^ ^ “ 2® 3® ~ 4® 


By Fourier’s series 


Expansion Theorem : 


y*''/ = + X 

Zf(«) Zr(„) ttiSr 

^ dp 

^ ■/ — -1. ^ -U ./ 

~ ir,:? ^ vh'tJ 
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“Shifting” Theorem: 

(where w is a function of t) 

Duhamel’s Theorem : 

/(()- B„m + f\<t - 

- «(«♦(») + X'«w-ar- 

I giii -J- 

- M + 5 — < />) -- sin (6 — 0) 

\/ + 0)“ 

_ — cos (co^ + 5 + ^) + cos (5 + 

\/a^ + co^ 

«®‘ cos («< + 5)df 

_ cosjwt + a — </>) — t- “' cos ( 8 — <^) 

\/a* + w* 

_ sin (tof + 5 +j^) — sin ( 5 + 

Va* 

(tan 0 = - = cot 
a 

Wave Shapes Expressed by Means of Fourier’s Series. — (The 
Gibbs phenomenon is not shown): 
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y = 2(8in a: — sin 2a: + 3-^ sin 3a: — sin 4x + • ‘ ) 

y = xforir>x> — T 
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Fni. 57 


y = 4 (sin J" + Js sin .‘Jj- + ‘r, sin 5j + • • • ) 

y = -K, Q < X < T 



Fig. 58. 


^ = sin X — sin 2x + 3 sin 3 x + 1 5 sin 5 x 

— li sin 6x + I7 sin 7 x • • • 
= sin X + ' 3 sin 3 x + } 3 sin 5x + • • • 

= (sin 2 x -f- '3 sin 6x + 's sin lOx + • • • ) 

// = 0, 0<x<^ ?/ = 2’2'^J'<’r 
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y = I — l^coB X — I cos 3a: + i cos 5* • • • j 

y = 0, 0<x<|;j/=^-^<x<ir 





0 



7t 


Kta. 03. 


y = H-\/3 I®os X — }'^ COS 5x + ^7 cos 7x — cos llx + • • • 1 

// = .^^0<a*<g;i/ = 0, g<:r<g7r;i/ = - < x < ir 
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APPENDIX 

THE WORK OF OLIVER HEAVISIDE' 

By B. a. Bbhrend 
Consulting Engineer, Boston, Mass. 

There is a reference in that beautiful book of Lord Rayleigh’s 
on ‘^The Theory of Sound/’’-* on the subject of electrical vibra- 
tions to which we may devote a few moments’ consideration. 
Lord Rayleigh says: ^^The theory of electric currents in such 
wires as are commonly employed in laboratory experiments is 
simple, mainly in consequence of the subordination of electro- 
static capacity. When this element can be neglected, the 
current is necessarily the same at all points along the length of 
the wire, so that whatever enters a wire at the sending end leaves it 
unimpaired at the receiving end. In this case the whole electrical 
character of the wire can be expressed by two quantities — its 
resistance R and inductance L — and these may usually he treated 
as constants, independent of the frequency.” For clearness the 
vital part of the statement is given in italics. 

To introduce the reader further into the subject in which the 
genius of Heaviside has blazed a path of singular clarity and 
beauty, we shall follow Lord Rayleigh further in his simple pres- 
entation rendered in 1894: ^‘Circuits employed for practical 
telephony may often be regarded as coming under the above 
description, especially when the wires are suspended and are 
of but moderate length. But there are other cases in which 
electrostatic capacity is the dominating feature. The theory of 
electric cables was established many years ago by Lord Kelvin® 

1 Reprinted by permission from The Electric Journal for January and 
February, 1928, Pittsburgh, Pa. 

* Strutt, John William, Baron Rayleigh, “The Theory of Sound, 
Vol. 1, p. 466 ei seq., London, Macmillan & Co., Ltd., 1894, 

* The date of Lord Kelvin’s paper on “ The Theory of the Electric Tele- 
graph” is May, 1865. The paper, written when he was plain Prof. William 
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for telegraphic purposes.*' A simple review of the mathematical 
argument will help to refresh the memory, and it is very simply 
given by Rayleigh. Thus we shall continue: *4f S be thci capac- 
ity and R the resistance of the cable, reckoned per unit length, 
V and C the potential and the current at the point z, we have 


whence 




dV 

dz 



dK^ 

dz^ 


( 1 ) 


( 2 ) 


the well-known equation for the conduction of heat discussed 
by Fourier.” 

Let us digress for the moment from Lord Hayl(‘igh\s exposition 
and dwell on the fact that Kelvin’s entire cable theory was built 
upon the conception of electric diffusion,” rather than on a 
theory of propagation of waves along conductors. Electric 
waves were, of course, not thought of at the time William Thom- 
son formulated his theory of the electric telegraph, and it is 
natural enough that he followed Fourier in establishing a partial 
differential equation for the diffusion of electricity through a 
cable, an equation the solution of which was rendered possible 
through Fourier’s epoch-making work beginning in 1807 and end- 
ing in 1822. Thus, there was a long period of 33 years between 
Thomson’s paper and the mathematical theory which made that 
paper possible. This is instructive in comparing the development 
in regard to the mathematical work of Heaviside and its appli- 
cation to engineering problems. 

We now continue with the very direct solution of the Fourier 
partial differential equation (2), assuming the variation of the 
current, here denoted by C following the earlier custom of the 
time, to be sinusoidal, expressed operationally by C = 
where e is the Naperian base of logarithms, p = 2Tr/T the angular 
velocity of the current, T the time of a complete period, p/2ir 


Thomson and before a workable transatlantic cable connected this country 
with Ireland, is well worth (jareful study even in this day. It is reprinted 
in Vol. II, p. 61, of Math, Phyn. PaperSy Cambridge, 1884. Lord Kelvin 
limited himself strictly to distributed resistance and capacity, neglecting 
inductance. 
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the frequency, t the time, and i = \/— 1, now frecjuently desig- 
nated by j. “t)n the assumption that C is proportional to 
<'p‘, it reduces to 


d^C 

(Iz^ 



(1 + i) 



f3) 


so that the solution for waves propagated in the positive direction 
is 

C = cos (p/ - yj • z) (4) 

The distance over which the current is attenuated in the ratio 
of € to 1 is, thus, 



very slight consideration of the magnitudes involved is 
sufficient to give an idea of the difficulty of telephoning through 
a long cable. If, for example, the frequency (p/27r) be that of a 
note rather more than an octave above middle c, and the cable 
be such as are used to cross the Atlantic, we have, in e.g.s. 
measure, 

Vv = ^> 0 , = 2 X 


and, accordingly, from (5), 

2 = 3 X 10® cm. = 20 miles approximately 

^‘A distance of 20 miles would thus reduce the intensity of 
sound, measured by the square of the amplitude, to about a 
tenth, an operation which could not be repeated often without 
rendering it inaudible. With such a cable the practical limit 
would not be likely to exceed 50 miles, more especially as the 
easy intelligibility of speech requires the presence of tones still 
higher than is supposed in the above numerical example. 

‘‘In the above theory the insulation is supposed to be perfect 
and the inductance to be negligible. It is probable that these 
conditions are sufficiently satisfied in the case of a cable, but in 
other telephonic lines the inductance is a feature of great impor- 
tance. The problem has been treated with full generality by 
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Heaviside ...” Then Lord Rayleigh refers his readers to 
Vol. II of Oliver Heaviside's “Electrical Papers,” pages 125 and 
309, reprinted from The Electrician, London, 1886-1887. 

The limitations to long-distance telephony had been recognized 
and analyzed with great skill and acumen by Thomas H. Blakes- 
ley, of the Royal Naval College, Greenwich, in a series of papers^ 
published in The Electrician, October, 1885. This remarkable 
scries of papers treated the problems of series and parallel con- 
nection of resistances, inductances, and capacity from the point 
of view of the modem vector methods. Distributed capacity 
and inductance are also treated, and most ustiful hyperbolic 
tables are given for the calculation of phenomena with distributed 
constants. Professor Blakesley introduced his papers with a 
preface from which it is instructive to quote to bring out a useful 
sidelight on the general status of knowledge in the year 1885. 
He says: “1 have elsewhere strongly disapproved of the action 
of the Board of Trade in allowing electricity in alternating cur- 
rents to be distributed on a large scale publicly. Nor must I 
be held recommending this in the following chapters. But in 
the last one I have shown how harmonic currents may be advan- 
tageously used for measuring some of the electric properties of a 
circuit and consequently as a means of testing be found extremely 
useful.” He would thus forbid the use of alternating currents. 
This extraordinary statement gives a good idea of the difficulties 
of the early pioneers who, like Tesla and Kapp, like Ferranti and 
Mordey, were about to begin their labors in applying alternating 
currents to the distribution of power. 

Blakesley gives another helpful conception when, on page 63 
of the papers already cited, he says of the state of the art of 
telephony: “Thus at the end of any considerable length and 
capacity the various tones of the voice would be receive'd in a 
state of degradation depending upon their pitch. But the ear 
has not the synthetic power of reconstracting a composite tone 
from the wreck of variously degraded components. In this con- 
sideration lie the limits of telephony. And until it is more 
clearly understood than it seems to be at present, people wiU fail 

> Blakbslby, Thomas H., London, “Alternating Currents of Electricity,” 
published at the office of Electricio>n, 1 Salisbury Court, Fleet Street, E. C., 
1885. 
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to understand the exquisite nonsense to which they are often 
now content to listen.’* 

Thus it required the treatment by Oliver Heaviside of the 
propagation of electric impulses along wires “ with full generality” 
- to use Ivord Rayleigh’s happy phrase — to clarify the intricate 
problems involved in the transmission of speech and power over 
a long line with the characteristic constants of resistance, induc- 
tance', capacitance, and leakance. This work was done in 
masterly fashion, and its development took place in opposition 
to the prevailing itleas of the time which, following the methods 
used in ocean telegraphy, laid groat stress upon the electrostatic 
capacity of the cable and condemned as injurious both the induc- 
tance and the leakance of the circuit. As Lord Rayleigh says: 
“ It might perhaps have been expected t hat a finite leakage would 
always act as a complication; but Heaviside has shown that it 
may be so adjusted as to simplify the matter.”^ 

These introductory remarks are made to acquaint the reader 
with the nature of the problem, the discussion of which forms the 
principal work of Heaviside and, therefore, the substance of this 
article. 

The Historical Setting. — The electric transmission of speech 
is a process of power transmission. To be sure, th(i amount of 
power is small, though metaphorically, the power of speech is 
great. But though only a small amount of power is transmitt('d 
in telephony over a great distance, the process of transmission 
and the theory thereof are truly identical. Great emphasis 
should be laid on this statement, and the reader should challenge 
its truth so as to convince himself that these two processes, 
seemingly so different, are, in truth, identical. 

Thus if the theory of the electric cable is once obtained with 
‘^full generality,” this theory must explain not merely the vast 
branch of phenomena of telephony and telegraphy but also the 
equally vast field of the problems involved in the transmission 
of power. 

^ Heaviside, Oliver, Electrician June 17, 1887; Elec. Papersj Vol. II, pp. 
125, 309; also, his simple and beautiful treatment of the distortionless circuit 
in Electromagnetic Theory,” Vol. I, pp. 409, 419, 1893, and Vol. II, pp. 291, 
1899. The last reference was not available to Lord Rayleigh at the time, 
1894, when his Theory of Sound*' was published, 
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Power transmission and speech transmission hold the stage of 
discussion on the broadest scale at the moment. Can a time 
be more suitable, 40 years after the presentation of such a theory, 
for a review of the work of its foremost protagonist 

The Setting of the Stage. — I am going to take the reader to th(‘ 
year 1887 and set before him in broad outline the condition of 
electrical engineering at that time. Power engineering and 
telegraph and telephone engineering had not yet been separated. 
The American Institute of Electrical Engineers was barely three 
years old. Maxwell's electromagnetic theory based on Faraday's 
experimental researches, eliminating the conception of action 
at a distance, had led him to the prediction of the existence of 
electromagnetic waves in space propagated with tlu' velocity of 
light and akin to light except for their greater wave k^iigth. The 
existence of these waves was brilliantly demonstrat(‘d by Hertz 
through his discovery, in 1887, of electromagnetic waves in space 
and along wires showing all the characteristics of n^fraction and 
reflection, only on an infinitely larger scale than light waves. 
Oliver Lodge had also demonstrated electric wav(^s along wires. 
These arc the waves we are now all familiar with as th(‘ waves 
used in radiotelegraphy and broadcasting. 

It is not often in the history of science that so stirring a dis- 
covery is made as that of electromagnetic waves predicted in all 
their characteristics long before their discovery. On('. has to 
go back to the finding in its calculated place of the unknown 
planet Neptune, whose existence and position were predicted in 
1846 by Leverrier and Adams, to be found shortly afterward 
in the predicted place by Professor Galle. Here the discovery 
followed quickly on the prediction, whereas it took 20 years 
for the electromagnetic waves to make their appearance after 
their prediction. 

Power transmission was attempted by all ini^ans except by 
electrical means, the exception proving the rule. A little plant of 
50 horsepower in Switzerland, operating at 2,000 volts direct 
current, transmitted this power over a distance of 5 miles. This 
plant was designed by C. E. L. Brown. Nikola Tesla had not 
yet made his great inventions. The telephone, invented simul- 
taneously by Alexander Graham Bell and Elisha Gray in 1876, 
was hardly a decade old. 
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This is a bare outline of the condition of the electrical field 
at the time when, in 1887, we become acquainted with Oliver 
Heaviside. 

A Personal Sketch. — The biographical data which are obtain- 
able regarding Heaviside^ are meager and besides, to a great 
extent, are of a v(*ry personal and, therefore, of a private nature. 
Born in London on May 13, 1850, ()Iiv(T Heaviside died in com- 
plete seclusion on F('b. 3, 1925. The last 50 years of his life 
were* spc^rit in this ndin'iiumt, the greater part at Torquay on the 
south coast of Devonshire. He was a nephew of Sir Charles 
Wheatstom*, who is known as the father of tek'graphy, the inven- 
tor of the Wheatstone bridge and of the principle of self-excitation 
of the dynamo-electric machine. Doubtless Hc^aviside inherited 
the gift of physical interpretation from the W^heatstones, on his 
mother’s side'. Heaviside^s means were very limited, in fact he 
died in what would b(‘ to most of us a state of poverty. It seemed 
to the pn'sent writer that he lacked the necessary care which a 
man of his age, not to numtion his greatness as a mathematical 
physicist, should have had. It was, however, difficult to render 
assistance of any kind, as he was a proud man and deeply sensi- 
tive. He received a small pension from the British government, 
which was augmented by an annuity from the British Institution 
of Electrical l']ngineers. The writer has given elsewhere a sketch 
of Heaviside’s life.^ 

During the last 10 years of his life Heaviside received numerous 
proofs of th(' grc'at respc'ct in which he was held by those who 
see in the intellectual progress of mankind the principal hope 
for the future. In 1918, he receiv(^d one of the two honorary 
memberships of the American Institute of Electrical Engineers, 
which usually go to British men of science or engineering. In 
1921, he received the first Faraday Medal of the Institution of 
Electrical Engineers of Great Britain, and the president of the 
Institution himself journeyed to Heaviside's lonesome country 
place to present the medal to “one whose genius, perspicacity, 
and clearsightedness into fundamentals entitle him to be ranked 
with the greatest of philosophers, Archimedes, Newton, Kelvin, 
and Faraday." Whether these eulogistic terms are extravagant 

* Lodge, Sir Oliver, and B. A. Behrend, “Memorial Sketches of Oliver 
Heaviside,” Elec, Worlds Fob. 21, 1925. 
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— the British arc not apt to use superlatives — must be left to 
the judgment of future generations. 

It is, however, pleasant to those of us who were his friends to 
know that, before he passed away, his work was appreciated on 
every hand and th('re was no voice bold enough to deny th(‘ great- 
ness and inspiration of this wonderful mind. W(*I1 might oruj 
have exclaimed on the news of his d(‘a1h, ^'Let there bo silence 
in the t(‘lephone, for Oliver Heaviside has died!” 

ELECTRO MAGNECTIC INDUCTION AND ITS PROPAGATION 

To the engineer it is natural that the subject of the propagation 
of electromagnetic induction offers the most fruitful field of 
incjuiry. This subject may, therefore, be examined, and a brief 
analysis, following Heaviside, he given. 

In 1887, Heaviside started his series of papers in The Elec- 
trician on electromagnetic waves. ^ It must b(‘ niinembered that 
at the time these papers were written no such waves had been 
observed, but the prediction which was made by Maxwell was, 
of course, known to his principal interpreter. Before Hertz 
discovered MaxwelPs waves, Heaviside writes ecjually propheti- 
cally: When we have little distortion, we get into the region of 
radiation. The dielectric should b(‘ the central object of atten- 
tion, the wires subsidiary, determining the rate of attenuation. 
The waves are waves of light, in all save wave length, which is 
great, and gradual attenuation as they travel, by dissipation of 
energy in the wires. There is the electric disturbance and the 
magnetic disturbance keeping time with it, and perpendicular 
to it, and both perpendicular to the transfer of energy, which is 
parallel to the wire, vcTy nearly. A tube of energy current may 
be regarded as a ray of light (invisible, of course). 

‘‘It is to such long waves that I attribute the magnetic dis- 
turbances that come from the sun occasionally and simultaneously 
show themselves all over tlie world, arising from violent motions 
of large quantities of matter, giving shocks to the ether, and 
causing passage from the sun of waves of enormous length. On 

^ *‘Eloctromagiieti(j Indiiftioii and Its Propagation, Elec. Papers^ Vol. II, 
p. 39 (second half), London, Macmillan <Kr Co. Ltd., 1892. The first half 
appeared in 1885 and following, and it is published in the first volume of the 
Collected Papers, It deals principally with Maxwell’s theory. 
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such a wave passing the earth, there are iinniediately induced 
currents in the sea, earth’s crust, telegraph lines, etc/’^ Such 
reasoning is to us perfectly familiar, but it was Heaviside who 
fnade it familiar to us.^ Wo shall have occasion frequently to 
direct the reader’s attention to the valuable comments and to the 
work of such eminent physicists as Lorentz in its bearing on, and 
connection with, the work of Heaviside. His long struggle for 
recognition was rewarded a few years before his death by a careful 
and profound study of his work, not only by the few who had 
previously gleaned valuable information from it but also by the 
orthodox school of eminent men of science. It was fortunate that 
he lived to see his work thus fonning the foundation of electrical 
knowledge, though he had no share in the great material pros- 
perity which it had wrought for the world. 

The problem which occupied Heaviside in the middle Eighties 
was then primarily the propagation of electromagnetic force 
in space and along parallel conductors. The former led him to 
formulate the fundamental equations of electromagnetic theory 
in the form of a symmetrical pair of the electric and magnetic 
forces. These are the circuital equations of Maxwell in their 
simplified vectorial form, and written by Hc'aviside 

curl H = J 
— curl E = G 

The latter led to the “telephone equation” which I shall discuss 
at greater length. I propose to take the reader to Heaviside’s 
paper in which he discusses the method of approach which he 
followed 40 years ago, and which led him to the discovery of 
the “distortionless circuit” and to the* theory of long cables and 
lines for the transmission of alternating currents. 

It is well known how unmanageable the solutions of differential 
equations appear when general functions are used as solutions. 
Heaviside recognized this. He says: “In some respects these 
difficulties are evaded by the consideration of the solution due 

^ Ehc. Papers, ibid., Vol. II, p. 122. 

* “That we have got so far is due in the first place to Maxwell, and next 
to him to Heaviside and Hertz.” H. A. Loremtz, “Problems of Modern 
Physics,” a course of lectures delivered at the Calif. Inst. Tech., p. 5, pub* 
lished by Ginn & Company, Boston, 1926. 
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to a sinusoidal impressed force. The method is very powerful; 
and, by considering the nature of the result through a sufficiently 
wide range of frequencies, we may indirectly gain, with com- 
paratively little trouble, knowledge that is unattainable by the 
!nethod of normal systems.^' 

*^But the real desideratum which, if it can b(‘ reached, is of 
paramount importance, is to get solutions which can be under- 
stood and appreciated at first sight and followed into detail 
with ease, presenting to us, as nearly as possible, the effects as 
they really occur in the physical problem, disconnected from the 
often unavoidable complications due to the form of mathematical 
expression. To illustrate this, it is sufficient to refer to the 
elementary theory of the transmission of waves without dissi- 
pation along a stretched flexible cord. If we employ Fouri('r 
series, we are doing mathematical exercises. But, us(' the other 
method, in which arbitrary disturbances are transferred bodily 
in either direction at constant speed, e.g.y 

V = /(« - Vi), 

and we get rid of the mathematical complications and can inter- 
pret results as we see their physical representatives in reality— 
for instance, when we agitate one end of a long cord. 

“Now there is one case, and, so far as I know at present, only 
one, in the many-sided question of the transmission of electro- 
magnetic disturbances along wires, which admits of this simple 
and straightforward metliod of treatment. Singularly enough, 
it is not by the simplifying process of equating to zero certain 
constants, and so ignoring certain effects, that we reach this 
unique state of things, but rather the other way, generalizing to 
some extent. It is usual to ignore the leakage of conductors, 
sometimes also the inductance, and sometimes the permittance 
[permittance is the term used by Heaviside for what he called 
later capacitance]. But we must take all the four properties 
into account which are symbolized by resistance, leakage con- 
ductance, inductance, and permittance, to reach the much-desired 
result. Briefly stated, the effects are these, roughly speaking: 
If there be only resistance and permittance, there are, when 
disturbances of an irregular character arc sent along a long circuit, 
both very great attenuation and very great distortion produced. 
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The distortion at the end of an Atlantic cable is enormous. Now 
if we introduce leakage, we shall lessen the distortion considerably 
but at the same time increase the attenuation. On the other 
hand, if we introduce inductance (instead of leakage), we shall 
lessen the attenuation as well as the distortion. And, finally, 
if we have both leakage and inductance, in addition to resistance 
and permittance (capacitance), we may so adjust matters, by 
th<> effects of inductance and of Icakjvge, being opposite as regard.? 
di.stortion, as to annihilate distortion altogether, leaving only 
attenuation. The solutions can now be followed nto detail in 
various cases without any laborious and roundabout calculations. 
Besides this, they cast much light upon the more difficult prob- 
lems which occur when not so many physical actions are in 
question.” 

“In my usual notation, let R, L, S and K be the re.sistance, 
inductance, permittance, and leakage conductance of a circuit, 
per unit length, all to be treated, in the present theory, as con- 
stants; and let E and /' be the transverse voltage (this term was 
also first used by Heaviside) and the current at distance z. The 
fundamental equations are 

= (R + Lp)I, = (K Sp)E, 

p standing for d/dL Here I is related to the space-variation of 
E in the same formal manner as E to the space-variation of I, 
This property allows us to translate solutions in an obvious 
manner, and gives rise to the distortionless state of things. Let 

LaSV = l,and/2/L = K/S == q 

The equation of E is then, — 

> Heaviside uses V and C for voltage and current but the author has 
deemed it wise to use the notations to which we are more accustomed in 
order to show the obvious identity between our modem equations and the 
historical ones of Heavisitle. The latter expressed to £. J. Berg, who called 
on him a year before his death, a strong dislike for a change in notation. 
Had the author known this at the time these articles were written, he would 
have retained HeaviHid(»'s notation, as he will in the future. 
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and the complete solution consists of waves travelling at speed v 
with attenuation but without distortion. Thus, if the wave be 
positive, or travel in the direction of increasing z, we shall have, 
if fi{z) bo the state of E initially. — 


El = - rO 




El 

Lv 


If Ei, 72 be a negative wave, Iravt'lling the other way, — 


Ei = 

h = 


+ rf) 

_Ei 

Lv* 


It is now advisable to refer to “Electromagnetic Theory,” 
Vol. I, page 451, 1893, where Heaviside gives the solution of his 
general equation in the form which has proved best adapted to 
the purposes of electrical engineering. The equation* is familiar 
to all who are acquainted with power-transmission problems. 
The e.m.f. necessary to maintain, at the end of a line* whose 
length is x, a current 7o and a voltage Ea is 

E = Eo X cosh qx + hX (10) 

In this equation, which is the fundamental general solution. 




Z 


n 


V {r + jlM)(k -b j.Sai) 

VZY 



Hence, the Heaviside equation (10) can be written 

E = Ea cosh qx -1- /nZo sinh qx * (11) 

In this form the equation retains the character of the simple 
application of Ohm’s law by introducing the “surge impedance” 

* EUc. Papcruj Vol. II, p. 308 et aeq. 

1 The first appearance of this solution is found in Electrical Papers, Vol. 
II, p. 105, Mar. 11, 1887, using trigonometric functions instead of hyperbolic 
functions which arc their equivalents. In view of recent claims, this 
reference clearlj’^ establishes Heaviside as the first to give this form 
of solution. 
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which Heaviside — without using the name which was given it. 
later by Professor Kennelly — first introduced to us in Electrical 
Papevfiy Vol. II, page 369, equation (38), 1887. 

To those who have made calculations of long lines, equation 
(11) is familiar. It is easy to remember and eciually easy to 
see its connection with the nature of the powcT-transmission 
problem. The generator voltage^ equals the receiv(‘r voltage 
plus the drop of potential in the line, ('xactly as it would be in a 
direct-current circuit, but both the receiver voltag(' and the line 
drop appear multiplied by a function wliich is a directional quan- 
tity or a vect.or or a complex quantity. This is, of course, 
obviously necessary by inspection, as tiie receiver voltage and 
the line drop must have direcition as well as magnitude when 
dealing with alternating-current circuits. 

It is customary to speak of hypcrholic functions and their 
applications to electrical engineering problems.^ It is, perhaps, 
a little unfortunate that such names inject a little fear and 
apprehension into the reader, as he feels that, something new and 
difficult is about to be practiced on him. These functions are 
simply a convenient grouping of operators of the same nature 
as the complex quant it i(‘s, which are, after all is said and done, 
solely a kind of convenient shorthand to reduce labor and make 
the clerical part of it less cumbersome. They are interchang(‘abl (5 
with the trigonometric forms through simpl(\ elem(uit.ary, well- 
known relations. Heaviside used both forms. 

THE DISTORTIONLESS CIRCUIT 

We were concerned particularly with the conception of the 
distortionless circuit, and its meaning in conncjction with alter- 
nating-current power transmission or spec^ch transmission. It 
is not easy to follow Heaviside, although intensive study enables 
one to fall into his mode of working out his problems. It must 
be remembered that here was a problem baffling the ablest mathe- 
maticians, physicists, and engineers and that a novel form of 

1 Kennelly, A. E., ‘‘Hyperbolic Functions and Thoir Applications to 
Electrical Engineering Problems,” 2d Ed., University of London Press, Ltd., 
Ijondon, 1917; “Artificial Electric Lines,” McGraw-Hill Book Company, 
Inc., New York, 1917; Nesbit, William. “Electrical Characteristics of 
Transmission Circuits,” 3d P]d , 1926 
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approach had to be designed before the problem would yield to 
analysis. I will choose here a seemingly different way from 
Heaviside^s, though identical with it and receiving his approval. 
It is a method suitable to the mode of thought of the crngineer and 
its great simplicity and directness parallel the method used by 
Heaviside to work out his solution. 

Heaviside proceeds from the thought that it is nc'cessary, if 
long-distance telephony is to l)e made practicable, that the 
guides of the electric propagation — in other words, the line - 
must have such constants that impulses of all frecpiericies arc 
propagated at the same speed along these guides and are atten- 
uated alike in transmission. Now, as our quotations from his 
papers indicate, he felt that it would he easi(‘r to obtain this 
condition while working with four line constants than it would 
be if he had to work with the two constants used in telegraphy 
by Lord Kelvin, the resistance and the condensance only. That 
he solved th(‘ distortionless problem before he solved the general 
problem is instructive. 

The object, then, is to obtain waves without alteration of type. 
Such waves may be attenuated, that is, reduced in geometric 
proportion, weakening the strength of the signal, but they must 
not be distorted, that is, part of a wave consisting of a (H»rtain 
frequency must not arrive '‘out of place with other parts con- 
sisting of another frequency. 

In language more familiar to us, the statement can bo made as 
follows: The e.m.f. and the current must retain the phase relation 
which they have at the sending end. Change in phase relation 
is distortion. I shall now formulate the problem as follows: 
To design a circuit through which alternating currents can bo 
transmitted in such a manner that the e.m.f. and the current 
remain in time phase and attenuating alike, independent of the 
frequency. 

Starting at the receiving end, we assume the c.m.f. and the 
current of the receiving apparatus to be in phase. Any other 
relation can be worked out in the same way. Let R be the resist- 
ance per unit length, K the leakage conductance, L the induc- 
tance, and S the capacitance, all per unit length of the circuit. 
Now let us build up the voltage and the current from the receiving 
end in the usual manner by means of e.m.f. and current vectors, 
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keeping, however, before us the condition that the current and 
the e.m.f. must remain in time phase. This condition will be 
realized, as is shown at a glance, so long as the e.m.f. and current 
vo(it.ors remain always in time phase, which means that the cur- 
rent and e.m.f. t riangles must be similar. This condition prevails, 
as shown in Fig. 1, when R/L = K/R = co tan 6 = a constant. 
But this is no other than the Heaviside criterion. 


loEdx 



ViG. 1. — Vector diagrani for trunmuissioii line, currents and voltaKoa being in 

phase. 

But let US go a step farther and interpret Heaviside’s solution 
(10) for this particular case. The differential equation which 
is the fundamtmtal starting point is 

rfjf = (« = qm 

and an identical equation for 7. 

Let us d('signate by 

q = V{.R^^W(KTW) 
g = a + jjS 

As the product of the *‘versors”^ under the radicals must be 
a complex number or a ‘^vector” quantity — a directional quan- 
tity — we have written it in the usual algebraic form a + j/J. 
Now substitute: 



^ Really, j is a quadrantal versor, and a + jjh and c + jd are also versors 
with a stretching faculty as well, and their product is another operator of tho 
same sort.” “Electromagnetic Theory,” Vol. II, p. 458. 
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Hence, 

q = V{K-[-jo>S) R/K __ 

= (if VR/K = (A' + jufi)VL/S 

= a + 

Hence, 

a = = VRK 

fi = = (i}\/LS 

An inspection of Fig. 1 shows that the real part of q affects 
the magnitude only of E, and, therefore, it has been designated 
as the attenuation constant a. It is iiuh'pendent of the fn*- 
quency. The imaginary part, or the i)art in time quadrature 
with the e.m.f., represents a propagation constant ^ which does 
not affect the strength of the signal or the current, but which — ^in 
a circuit in which there is distortion — would '"mix up'' the signals, 
as Heaviside used to say. In the distortionless circuit the 
velocity of propagation is equal to 1/ y/LS and also independent 
of the frequency. 

Thus, by balancing the leakage of the circuit against the 
resistance component of the e.m.f. and balancing the charging 
current against the inductance component, Heaviside devised 
a circuit over which all signals, whatever their frecjuency, would 
travel at the same speed. This must be so, as the phase relations 
at any part of the circuit between e.m.f. and current remain the 
same as at the starting point, which is the receiving end in the 
case under consideration. 

For small values of R/L and K/Sy as well as RKj a very simple 
development by expansion of the equation for q can be shown to 
demonstrate the Heaviside criterion of distortion in which the 
attenuation depends upon the sum of R/L + K/S^ and the 
distortion upon the difference of R/L — X/aS. 

Writing q — a + and solving the terms under the square 
root, we find 
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and, 

« - 

If, now, R/2L = A’/2.8, which is the Heaviside criterion, then 
the two expressions for a and /3 become 


a = f V/vN 

Ij 

= o)Vls 
1 


V = 


Vls 

E = Eo€ ^ 




sin {cat — (i)\^LS*x) 


which is a wave equation in its simplest form indicating that 
waves of all frequencies are transmitted with the same velocity 
V = 1/y/LS, These remarks are helpful in the study of Heavi- 
side's own presentation and are not found elsewhere. 

In one of his letters to the present author, Oliver Heaviside 
proposed the name heavificatiori for the process of loading a 
telephone or telegraph circuit. He suggested that heavifying 
was expressive and it conveyed just credit to its inventor. The 
adoption of this terminology would be desirable even at this date. 
The following goes fully into this subject: 

The next problem before Heaviside lay in suggesting means 
for realizing the distortionless circuit in practice. For this 
purpose, it is necessary to secure a large amount of inductance 
without undue increase in the resistance. To secure this induc- 
tance he suggested two courses. In Electrical Papers, Vol. II, 
1892, he proposed taking ‘Hhe finest iron filings [siftings] and 
mixing them with a black wax," an idea to which he continually 
reverted in later years. In ‘^Electromagnetic Theory," Vol. I, 
page 443, 1893, he states: “The above considerations show that 
if iron be introduced to increase the inductance it should not be 
in the main circuit but external to it. There are, then, two 
principal ways suggested: First, to load the dielectric with 
finely divided iron, and plenty of it. This is very attractive 
from the theoretical point of view, as it results in the production 
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of a strongly magnetic insulator, which is practically homogenous 
in bulk, being a sort of non-conducting iron of low permeability. 
In this way, L, as compared with the same without the iron, 
may be multiplied greatly.” Though it has taken many years 
to realize the success of Heaviside’s ‘Mroiiic circuit,” as he used 
to call it facetiously, this has at last been done.’ 

Another method for the realization of a distortionless circuit 
which Heaviside proposed was described by him as follows: 
“Another indirect way is this: Instead of trying to get large uni- 
formly spread inductance, try to get a large average inductance. 
Or, combine the two and have large distributed inductance 
together with inductance in isolated lumps. This means the 
insertion of inductance coils at intervals in the main circuit. 
That is to say, just as the effect of uniform leakage may bo 
imitated by leakage concentrated at distinct points, so we should 
try to imitate the inertial effect of uniform inductance by con- 
centrating the inductance at distinct- points. The more points 
the better, of course. Say m coils in the length 1 , or 27n coils of 
the same total inductance, and, therefore, each of half the induc- 
tance; or mn coils, each of one ?dh the inductance of the first. 
The electrical difficulty luire is that inductance coils have resist- 
ance as well, and if this be too great the remedy is worse than 
the disease. But it would seem to be sufficient if th(' effect of 
the extra resistance be of minor importance compan'd with the 
effect of the increased inductance. This means using coils of 
low resistance and the largest possible time constants. For, 
suppose 4 ohms per kilometer is the natural resistance and there 
be one coil per kilometer having a resistance of 1 ohm. This will 
raise the average resistance to 5 ohms per kilometc'r; and if the 
time constant be big enough, the extra inductance may far more 
than nullify the resistance evil. The same reasoning applies 
to coils at greater intervals, only, of course, in a more imperfect 
manner. To get large inductance with small resistance, or, 
more generally, to make coils having large time constants, requires 
the use of plenty of copper to get the conductance and plenty of 
iron to get the inductance, employing a properly closed magnetic 

^ See a paper by Thomas Shaw and William Fondiller, Development and 
Application of Loading for Telephone Circuits,” Trans. A.I.E.E.y 1926, p. 
268. 
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circuit properly divided to prevent extra resistance and cancella- 
tion of the increased inductance. This plan does not belong to 
the category of those mentioned before, which a moment^s con- 
sideration showed to be worse than useless. It is a straight- 
forward way of increasing L largely without too much increase 
of resistance and may be worth working out and development. 
But I should add that there is, so far, no direct evidence of the 
beneficial action of inductance brought in in this way.’’ 

The last sentence here quoted, written toward the end of 1893, 
indicates that the suggestion to try inductance coils in ‘Mumps” 
about one per kiloim'ter had not been tried at that time. Heavi- 
side had satisfied himself that such a scheme should have practical 
results, and he appeakul to the engineers in the telephone field to 
try the experiment for verification.^ Sir AVilliam H. Preece, 
who was at the head of tlu* British telegraph and telephone sys- 
tem, was of the opinion that telephone circuits required more 
electrostatic capacity for transmission over greater distances 
and had suggested that the wires ho split with insulation between, 
to increase the capacity by their close juxtaposition. Thus, the 
ideas of Heaviside fell on deaf ears in his own country. This is 
very finely expressed in the graceful tribute which Prof. M. I. 
Pupin paid Heaviside in his remarkable paper before the Ameri- 
can Institute of Electrical Engineers describing the first Heaviside 
loaded line which he devised in his laboratory at Columbia 
University and described in his paper in May, 1900. The test 
for which Heavisid(^ had waited 7 years had at last been made 
in the most successful manner, and it had confirmed for all time 
the accuracy and the skilful analysis of the theory of the propa- 
gation of electromagnetic induction. In a sense. Professor 
Pupin’s confirmation of Heaviside’s theory was not unlike the 
finding, on the part of Professor Galle, of the outermost planet 
Neptune in the exact position of the heavens where the calcula- 
tions of the brilliant Leverrier and of Adams had placed it without 
ever having known of its existence. But we must let Professor 

. . . they will want to know whether such possibilities can be converted 

into actualities, and whether the conversion is i)racticablc. For myself, I 
am not much concerned in this part of the question. It is for practicians to 
find out practical ways of doing things that theory proves to be possible, 
or not to find them if they should be impracticable.’^ “Electromagnetic 
Theory,” Vol. I, p. 441. 
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Pupin voice his own sentiments by giving here a quotation from 
his paper ‘^Mr. Oliver Heaviside of England, to whose pro- 
found researches most of the existing mathematical theory of 
electrical wave propagation is due, was the originator and most 
ardent advocate of wave conductors of high inductance. His 
counsel did not prevail so much as it deserved, certainly not in 
his own country.” 

Pupin’s experimental cable was a very beautiful piece of work. 
It follow(‘d the e.xample of Varley and Muirhead in making an 
artificial laboratory cable or line on which iiKiasurements could 
readily be made which were otherwise difficult to make, as on 
an Atlantic cable. Thus, in the widest sense, a confirmation 
of the theories of Ib'aviside could be carried on, advancing greatly 
the art of long-distance telephony. 

As Professor Pupin pointed out, little recognition had come to 
Heaviside in his own country. But there was recognition in 
France at» the hands of the chief of the postal system of the 
fundamental principles laid down by Heaviside. As it is of 
great historical interest, wo here quote from a paper by M. 
Devaux-Charbonnel, chief engineer of the posts and telegraphs 
of Vvanco/^ On page 1()7, the French chief of the postal service 
remarks that, as early as 1887, Vaschy, then the engineer of the 
postal service, solved the partial differential equation of electro- 
magnetic propagation and did this independently of Heaviside, 
whose papers in the Philosophical Magazine reached him, however, 
before the appearance of his own paper, so that Ik^ could give 
Heaviside full credit for his priority. M. J3evaux-Cffiarbonnel 
further states (p. 1()5) that the French postal administration 
undertook to make loaded cables of the type of Krarup and Pupin 
in 1896 and 1897, which in no essential way differed from these 
cables. Such work was undertaken by M. Barbarat of the French 
postal service. Thus, we may add the tribute of official France 
to our own in rendering recognition to the distinguished British 
scientist. 

1 Tra7is. A.I.E.E., Vol. XVII, p. 450, 1900. 

* Devaux-Chakbonnel, Iiigt'inieur cn C^hef des Postes et T616graphes. 
“La Contribution dos ing^nieurs francais it la t616phonie grande distance 
par cables soutorrains. Vaschy et Barbarat.” Artti. d. ’pastes^ UUgraphes 
ct telephones^ VI annee, No. 2, Pans, A. Dumas, Editeur, 1917. 
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HEAVIFICATION OR THE DISTRIBUTION OF INDUCTANCE IN 
LUMPS ALONG THE CABLE 

The question as to the distance at which such inductance 
coils for loading the line should be placed has been one of the 
fascinating aspects of the entire problem. Heaviside suggested, 
in 1893, that they be placed about one per kilometer so that there 
should be a sufficient number spread over the shortest wave 
length to be transmitted. Pupin, in the paper cited, figures the 
shortest wave length as about 14 miles or 22 kilometers, so that, 
if Heaviside’s suggestion were followed, there would be about 
22 coils per wave length. The problem of simulating a uniformly 
loaded cord by loads placed a certain distance apart and deter- 
mining the period of vibration of the configuration was proposed 
first by Lagrange.^ It is one of the regular exercises in French 
treatises on dynamics. But it had not- yet been applied to the 
electrical case, and thus Pupin filled in this gap. He found, as 
was to be expected from the identity of the mechanical and 
electrical cases, that Lagrange’s relation^* — to wit, the frequencies 
of vibration — varied as sin a/2 to a/2 holds also for the electrical 
case. This relation thus yields readily a comparison between a 
loaded cable and a uniform cable. In practice the loads are close 
together and the criterion is invariably fulfilled automatically. 
A most useful formula for this condition has also been given by 
G. A. ("ampbell.^ This formula proved identical with one 
obtained for a loaded string by Charles Godfrey.^ Professor 
Kennelly has obtained these formulas in a very simple manner 
in Appendix G of his book ‘‘The Application of Hyperbolic 
Functions to Electrical Engineering Problems,” under the head- 

^ Lagrange, J. L., ** Micanique analytique/* 3d Ed., M. J. Bertrand, Vol. 
1, Sec. VI, Par. HI, No. 50, p. 353, Pans, 1853. 

Bouasse, Henri, “Coars de inecanique physique/* Par. 495, p. 597, 1912. 

2 See, also, Tait, P. G., ^‘Dynamics,” p. 337, 1895: Waves in a linear 
system of discrete masses.” 

* In a paper “On Loaded Lines in Telephone Transmissions,” Phil. Mag., 
Ser. VI, Vol. V, p. 313, March, 1903. 

*Phil. Mag., Ser. XVI, p. 356, 1898. Mr. Campbell states: “An interest- 
ing contribution to the general properties of this structure has been made by 
Mr. (Charles Godfrey in a paper on wave propagation along a periodically 
loaded string and 1 am indebted to that article for equation (18) which 
furnishes a complete solution of the propagation.” 
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ing A Brief Method of Deriving Campbeirs Formula. Theses 
references have been carefully compiled on account of the diffi- 
culty in locating the important papers. It is hoped that they 
will prove useful, as the study of the papers cited here appears 
essential to an understanding of the mechanism of the transmis- 
sion of speech or pow(^r over long lines. These papers also crown 
as a sort of superstructure the work of Heaviside with which we 
are here primarily concerned. 

The groundwork of science grows in a very slow procession. 
While a great flood of ideas and papers pours forth from the 
fertile human mind, there are only a few which can be, and should 
be, made into the groundwork of science. The comprehension 
of fundamental principles is of the utmost value, not only to the 
sound progress of science but also to the vidiu^ of science as a 
means for the cultivation of the mind. It is on this account 
that an outline of the theory of electric propagation is givcui here 
which can be applied to t.hc solution and understanding of new 
problems. Heaviside’s contributions have been fundamental, 
and his mode of attack is growing in favor, so that, in a few years’ 
time, our textbooks will present his doctrines, whether under his 
name or not, to the students of electricity. 


MAXWELL THEORY; THE RELATIONS BETWEEN MAGNETIC 
FORCE AND ELECTRIC CURRENT 

The death of James Clerk Maxwell in 1879 had left his mag- 
nificent work completed, though in a form which offered formid- 
able analytical difficulties even to such masters as Kelvin, 
Fitzgerald, Lodge, and Hertz. These were his principal expo- 
nents. The difficulty lay, first, in Maxwell’s formulation of the 
two fundamental equations of the electromagnetic field, secondly, 
in the application of these fundamental equations to the solution 
of both simple and recondite phenomena. 

There is a distinct parallel between the work of Maxwell and 
the formulation, by Sir Isaac Newton, of the three laws of motion 
which bear his name. As the whole structure of the science of 
the motion of particles and rigid bodies is based upon, and clari- 
fied by, Newton’s three laws, so the science of electromagnetism 
is based upon the two circuital laws first formulated by Maxwell 
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and thrown into a simple and manageable form by Oliver Heavi- 
side. This achievement required a degree of abstraction, both 
mathematical and philosophical, in which Hcaviside^s great 
mind was aided by the seclusion and solitude in which he spent 
his life. 

As few of our readers are familiar with the conception of a 
vector and its ‘‘curl’^ and with the “circuital” equations, Heavi- 
side's elementary exposition of these relations is certain to be 
welcomed. First, a word about the terminology. The reader 
frequently comes across the words curl and circuitation in con- 
nection with theoretical work in electricity. Maxwell coined 
the word curl to connect the line integral of a vector around a 
closed curve with the surface integral of another vector, which 
is the curl of the first vector, all through the curve. The theorem 
involved is that known as Stokes* theorem, which is fundamental 
in the derivation of the electromagnetic equations. Lord Kelvin 
coined the word circuital^ to indicate the annular “portion of 
the (ither uniformly all round its circuit.” Thus, the circular 
lines of force or induction around a long electric circuit are said 
to be circuital all rouiid the circuit, Heaviside gives a really 
simple method of obtaining the curl of the vector, either of the 
magnetie force H or of the electric force E. It may be as well 
to remind the reader that what we call magnetomotive force is 
the line integral, of the magnetic force H; and what we call electro- 
motive force is the line integral of the electric force, whence their 
curls can be derived by Stokes' theorem. 

We must refer the reader to Heaviside's Electrical Papers, 
Vol. I, page 195, which contains, perhaps, one of the clearest 
expositions found throughout his writings. Textbook writers 
would do well to quote this chapter word for word to render the 
theory in Heaviside's words instead of in their own, as is fre- 
quently the practice of writers on dynamics who quote Newton 
verbatim instead of improving on his wording by using their 
own. While I must refrain from quoting Heaviside in full, I 
will give here his introductory remarks on account of their gen- 
eral interest. “Everyone knows that electric currents give rise 
to magnetic force and has a general notion of the nature of dis- 
tribution of the force in certain practical cases, as within a gal- 

^ See Math. Phys. Papers, Vol. Ill, p. 451.. 
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variometer coil, for example. Further than this, few go. The 
subject is eminently a mathematical one, and few are mathe- 
maticians. There are, however, certain higher conceptions, 
created mainly by the labors of eminent mathematical scientists, 
from Ampere down to Maxwell, which are usually supposed to 
be within the reach of none but mathematicians, but which I 
have thought could be to a great extent stripped of their usual 
symbolical dress, and, in their naked simplicity, made to appeal 
to the sympathies of the many. Let not, however, the reader 
(if he belong to the many) imagine that thinking can be dis- 
pensed with; there is no royal road to knowledge, and hard 
thinking and rigid fixation of ideas are required. Even the 
machinery of the mathematician, so great an assistance when 
made to work, requires severe training on the part of the operator 
to make it work. But earnest students, if they will not or cannot 
learn the mathematical methods, need not, therefore, be dis- 
couraged, for the name of Faraday will shine forth to the end of 
time as a beacon of hope and encouragement to them. He was 
no mathematician, yet achieved results apparently attainable 
only by such methods. It need not be supposed that he had the 
peculiar brains of a calculating boy, able to do long sums ‘Mn 
his head^^ by special methods of his own. The work was of a 
quite different kind, and probably Faraday could never have 
made an ordinary mathematician, with the best of training. In 
fact, mathematical reasoning does not necessarily involve any 
calculating in the usual sense, though it is, of course, greatly 
assisted thereby sometimes; and as for the use of symbols, they 
are merely a sort of shorthand to assist the memory, which even 
those who openly condemn mathematical methods are glad to use 
so far as they can make them out — in the expression of Ohm's 
law, for instance, to avoid spinning a long yarn." 

Heaviside then develops the two equations of Maxwell's in 
the following form : 

First Cross-connection of Magnetic and Electric Force. — This 
is expressed by 

curl H = 47rJ 

where curl H is the vector whose rectangular components are 

dy dz dz dx dx dy 
and J *'true" electric current density. 
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But the most useful definition is the following: '‘The line- 
integral of a vector H around any closed curve or circuit (or 
the circulation^ of H) equals the surface integral of another 
vector, viz.y “curl H/’ over any surface bounded by the circuit.” 

Second Connection between Electric Force and Magnetic 
Force. — The total e.m.f, of induction around a circuit equals the 
rate of decrease of the amount of magnetic induction through 
the circuit, or 


curl E = 


dB 

dt 


ixm 

dt 


“As the rate of increase of the displacement in a non-conducting 
dielectric is the electric current, so the rate of increase of B/47r 
may be called the magnetic current. Let it be G Then, 


dB 1 
dt 47r 


(magnetic current p(T unit area) 


Like electric displacement currents, magnetic currents are tran- 
sient only, i.e., they cannot continue indefinitely in one direction 
only, like an electric conduction current. Also, like electric 
currents in a dielectric, they are unaccompanied by heat gen- 
eration. In ether the electric current and the magnetic current 
are of equal significance. 

“There is probably no such thing as a magnetic conduction 
current, gK with dissipation of energy. If there be such, analo- 
gous to an electric conduction current, then let 

c dE 

J == A:E + (true electric current per unit area) 

G = gfH + (true magnetic current pcT unit area) 

curl H = 47rJ (16) 

— curl E = 47rG (21) 

where k is the conductance and c is Maxwell's specific inductive 
capacity of the dielectric or medium. 

In this symmetrical form the equations of the electromagnetic 
field have been written by Heaviside, and this is the form in 
which they are used today by the foremost physicists of the 

* Later termed circuitation, E, M, T., i, 33. 
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world. I have not given the full derivation as presented by 
Heaviside, but I have sketched in rough outline his method and 
the final form of the fundamental equations. The conception of a 
magnetic current corresponding with the current in a dielectric 
is clear and useful from a physical standpoint. 

'^When I introduced the new property of matter symbolized 
by the coefficient g [K in our notation], it was merely to complete 
the analogy between the electric and magnetic sides of electro- 
magnetism. The property is non-existent, so far as I know. But 
I have more recently found how to imitate its effect precisely 
in another electromagnetic problem, also relating to plane 
waves , , . ” The introduction of the leakage in the conduct- 
ing medium takes the place of the magnetic conduction cur- 
rent.” ^'The two dissipations of energy are now due to R in 
the wires, and to K in the dielectric, it bedng that in the wires 
which takes the place of the unreal magnetic dissipation” Elec- 
trical Papers, Vol. II, p. 379). 

It seems certain that Heaviside was led to the conception of 
the distortionless circuit through his desire to find an analogy 
in physical phenomena to his fundamental circuital equations. 
In this endeavor he devised the balance of the leakage dissipation 
against the resistance dissipation and he thus discovered that 
though there was no true ^‘magnetic conduction current” in 
the ether, its effect could be realized artificially by the leakage 
dissipation in the case of wire waves and he thus invented the 
distortionless circuit. 

MATHEMATICAL METHODS 

Heaviside developed two branches of mathematics which are 
of great value. The first is the method of vector algebra,* and 
the second is the use of ^'operators” and of divergent series for 
the solution of unmanageable differential equations. 

Wherever directed quantities are encountered, it is common 
sense to avoid the writing down of lengthy trigonometric equa- 
tions which become so jumbled that no one knows what to do 
with them. Vector addition and subtraction are now in general 
use, but vector multiplication and division as well as extracting 
roots are really of an elementary character. And yet how few 
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of the readers of this paper are familiar with vector multiplication ! 
To multiply two vectors* or complex quantities Ala and B/p 
means multiplying A and B and adding la and Heaviside’s 
proof was, '‘It works.” He insisted that mathematics was an 
experimental science and that our vector product above was a 
sort of shorthand which seemed to work wherever applied. Thus, 
Ala X Bll3 = AB{Ja + //3). But other definitions can be 
given to a vector product. The one at present commonly 
adopted defines a vector product as a vector at right angles to 
the original vector planes and of a certain magnitude, as this is 
useful in electromagnetic theory and in dynamics. There was 
nothing new in these methods in Heaviside’s time except that 
they fitted the problems to be worked. Every active electrical 
engineer today uses the complex quantities which Steinmetz 
and Kennclly have made so familiar. One could not get along 
without them, and for this Heaviside deserves as much credit 
as the two able men named. 

It was Professor l^ddmgton, himself a famous mathematician, 
who remarked that a mathematician was never so happy as when 
he wrote on something he did not understand, and Heaviside 
likewise talks of mathematicians "inventing difficulties.” He 
also remarks:- "An eminent authority once remarked that there 
is a lot of humbug in mathematical papers. He knew, having 
done it himself several times.” Now, we frequently encounter 
such papers in modern mathematical applications. Heaviside’s 
interpreters would hardly have been pleased with his own 
comments on their labors. He disliked the theory of func- 
tions; he thought most mathematics dull, with the exception 
of Fourier. He thought most rigorous proofs silly ("Electro- 
magnetic Theory” Vol. Ill, p. 140). "It seems to me that the 
demonstration I have poked fun at is typical of a lot of work 
made up by the brain-torturers who write books for young people 
and college students who are going to be senior wranglers, per- 
haps. Let mathematicians be humanized if possible. The best 
of all proofs is to set out the fact descriptively, so that it can be 
seen to be a fact.” 

' »Sec reference to versors “Electromagnetic Theory, “ Vol. II, p. 458. 

* Electro Magnetic Theory^* Vol. Ill, p. 51. 
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The simplest examples of operators are the complex numbers. 
We say that the operator j turns a directed quantity from the 
abscissa or x-axis counterclockwise or positively into the 2/-axis 
so that jx = y. If you wish to turn it through another quarter 
phase, multiply it again by j and you have jjx = x = —x. 
The definition of j is given by — —1 and not by V“"l = i- 
Why make a mystery of this? It is shorthand, nothing more or 
less. But why stop here? Brilliant mathematicians, like the 
late William Kingdon Clifford, had a way of demonstrating 
these irrational or complex operations which it may be worth- 
while to repeat for the benefit of people who like to know what 
all this talk about operators really is about. We will begin with 
Lord Kelvin’s famous compound interest law.” If the differ- 
ential coefficient of a quantity is proportional to the quantity 
itself. Lord Kelvin would put it that ‘Hhey fellow the compound 
interest law.” Let y — then dyfdx = = ay. Thus, 

if we know that a function grows in such a manner that its rate 
of increase or decrease is proportional to the function itself, then 
we know that the function is a logarithmic function of the order 
of y given above. 

Clifford went a step farther. If a quantity grows at logarith- 
mic rate jx, he argued, it means what? Write down and 
interpret it, but how? Algebraically it is equal to 




1 +jx + 


0 '^ 

1-2 


+ 


(i-c)’ 

1-2.3 


1-2-3-4 


X^ 

= 1+JX- 2 




Represent this graphically as in Fig. 2. It shows that, assum- 
ing X = 1, the operator has turned the step 1 of the 

above equation counterclockwise through x = 1 radians. Give 
to X different values and the operator keeps on turning the step 
round and round and round. Hence, it is clear that, as the 
radius vector OP is equal to cos x + j sin x, and as OP in magni- 
tude and position is equal to €^'*, there follows Euler’s important 
formula 

= cos X + j sin X 
From the same figure follows 

=s cos X — j sin X 
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Hence, 


2 cos X = 


or 


cos 0 * = 


If the several terms of the series for cos x be now worked out 
and constructed step by step, we again obtain a graphical repre- 
sentation of cos X, For X = ly 


COR .r = 1 — 2 


2 -I .**1 4- 

^ 1*2*3*4 l-2*34*5-() ^ 


These terms arc now all real and are laid off on the abscissa. 
While these graphical representations may appear too elementary, 
it is due to the disregard of elementary 
methods that mathematical analysis has 
grown to be viewed skeptically. 

These algebraical expressions are totally 
meaningless without their geometrical 
interpretation. The moment hard common 
sense is injected into mathematical argu- 
ment, it usually appears that a new light 
and understanding are brought to bear on 
the task. As algebra is now taught in 
school, one may be pardoned for agreeing with Heaviside that it 
is “barbarous” and “inhuman,” but it certainly is nothing of the 
kind in the hands of a John Perry or a William Kingdon C’lifford. 

The two most important contributions to engineering mathe- 
matics made by Heaviside are his chapters On Resistance and 
Conductance Operators and Their Derivatives, published on 
pages 355 and 371 of Electrical Papers, Vol. II, and The Expan- 
sion Theorem. Operational Way of Getting Expansions in 
Normal Functions, to be found on page 126 of “Electromagnetic 
Theory,” Vol. II. 

The last 10 years have seen a great wave of appreciation of 
these papers now thirty years old. A school has been brought 
into existence where, under the leadership of Profs. V. Bush 
and E. J. Berg, a number of postgraduate theses have been 
based successfully on Heaviside’s expanmon theorem. At the 
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Franklin Institute there have been presented recently papers by 
E. J. Berg, J. J. Smith, Louis Cohen, etc., having for their 
aim the application of Heaviside’s methods to the solution 
of certain problems in electrical engineering which had here- 
tofore resisted the conventional methods. The American Insti- 
tute of Electrical Engineers has witnessed a long list of papers 
by Professors Bush and Vallarta, by Professor Lyon and Dr. 
Carson and others applying Heavisidcj’s methods to their 
problems. 

The solution of the distribution of e.m.f. and current in alter- 
nating-current circuits in the steady state has been made possible 
for all known configurations by the use of resistance and con- 
ductance operators. Solutions of the transient- state have been 
given bv Heaviside, using his expansion theorem, for the sudden 
application of a constant potential to a circuit. The sudden 
application of a sinusoidal potential has been worked out, also, 
in some of the papers referred to. Thci difficult answers are 
even more difficult to interpret in the majority of cases which are 
at all amenable to a solution. Progress in this direction is, 
perhaps, now more needed in extending the ‘‘algebrization’' — 
a term frequently used by Heaviside — of the operational solutions. 
But in many cases it is very difficult to rc'present the algebraical 
solution so that it has any meaning in a physical sense This is a 
large field in which much work has to be done. Professor Berg’s 
forthcoming book on this subject will be most valiialde. 


WORK IN OTHER FIELDS 

We need not wonder that a genius of the broad interests of 
Heaviside’s type would not have limited himself to the working 
out of the distortionless circuit and its mathematics, though, it 
would seem a large field, indeed, in view of what has been built 
upon this foundation. But Heaviside was interested in mathe- 
matical physics, and, with his matchless skill in the application 
of mathematics to this subject, he engaged in numerous critical 
ventures which may have created the totally wrong idea that he 
was given to disputation. It is interesting to note that he thus 
had occasion to point out serious errors made by Lord Kelvin. 
He pointed out errors in Prof. Peter Guthrie Tait’s treatise on 
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(luaternions. He analyzed a paper by Sir Joseph J. Thomson, 
then Professor Thomson, ‘‘On Electrical Oscillations in C'ylin- 
drical Conductors*' and was forced to conclude that “the use 
of an erroneous boundary condition in the beginning wholly 
vitiates the subsequent results" {Electrical Papers^ II, p. 39(5). 
His numerous encounters with Sir William Preece, the head 
of the posts and telegraphs of Great Britain, in which, of course, 
th(‘ late Sir William was invariably wrong, added to the impres- 
sion that Heaviside was a most formidable opponent in the arena 
of science. He was always most kind and considerate except 
in the case of Preece whom he held up to scorn for his lack of 
understanding combinc^d with great assurance which goes so 
often with official ignorance. This was, in a sense, unfortunate*, 
at least for Heaviside personally, though it doubtless helped to 
correct the errors of these eminent men. 

In the application of Fourier's theory to a great cosmical 
example. Lord Kelvin saw an opportunity to calculate the age 
of the earth from he^r secular cooling. There were some data 
available, to be sure very meager, which made it possible to 
calculate the heat gradient, and from it the time when the center 
of the earth must have been so hot that all known elements would 
exist only in a gaseous state. The application of Fourier was 
beautiful, but the result was disastrous, at least to the geologists 
and the great school of the followers of Darwin and Huxley and 
the theory of evolution Lord Kelvin was led to believe that the 
limiting age of the earth was less than 50,000,000 and more than 
1 0,000,000 years. Professor Huxley protested, somewhat meekly, 
to be sure, stating that there might be unknown substances in 
the earth which might lead to a different result. This, of course, 
has been the conclusion arrived at after the discovery of radio- 
active substances, but Huxley did not prevail against the most 
illustrious representative of British science. Then, in 1895, 
Professor Perry, a close friend of both Heaviside and Lord Kelvin, 
whose assistant he had been, proposed to Heaviside solving the 
Fourier equation for rocks with different conductivities in series, 
so to speak. Conventional mathematics could not solve this 
problem but Heaviside succeeded in solving it and in proving 
that the age of the earth could thus be easily a thousand times 
greater than Lord Kelvin's estimate. Sir Ernest Rutherford 
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and his school have since added any number of years that might 
be required by geologists or biolgists to meet their theories. 
Both the Kelvin theory and the Heaviside-Perry enlargement 
thereof are now useful applications of mathematics to physical 
problems. 

It is interesting to allude to another example where Lord Kelvin 
and Tait made an error in their monumental work on ‘‘Natural 
Philosophy.'' This was pointed out by Heaviside in Electrical 
Papers^ Vol. II, page 245, and refers to the treatment by the 
illustrious authors of the St. Venant problem of torsion. Such 
corrections, if viewed impersonally, become of the utmost interest 
and value to the cause of science, as they show th(^ fallibility of 
the greatest of our leaders and the necessity for hoc discussion 
untrammelled by the ignorance and narrow-mind('dness of those 
whom we may call with Herbert Spencer the “must-be-rights." 
The errors of Newton and Lagrange, to mention just two great 
names, have done much harm until resolute criticism brought 
them to the bar. Thus let it always be! No man living or 
dead should be exempt from criticism so long as such criticism 
is based on fact and fairness. 

Heaviside became greatly interested in the discovery, in 1897, 
of the “corpuscle" by Sir J. J. Thomson. This is now called 
the electron, after the example by Johnstone Stoney. It appeared 
to him that the mass of a moving particle, when the velocity 
approached that of light, would be a function of this velocity. 
He developed the equations which are now fundamental. 

In the words of Sir Oliver Lodge, Heaviside left his name on 
the atmosphere, as it was he who first called attention to the 
existence of an ionized layer in the atmosphere which acted as a 
reflecting medium for the Hertzian waves. In his own words: 
“Sea water, though transparent to light, has quite enough con- 
ductivity to make it behave as a conductor for Hertzian waves, 
and the same is true in a more imperfect manner of the earth. 
Hence, the waves accommodate themselves to the surface of the 
sea in the same way as waves follow wires. The irregularities 
make confusion, no doubt, but the main waves are pulled round 
by the curvature of the earth and do not jump off. There is 
another consideration. There may possibly be a sufficiently 
conducting layer in the upper air. If so, the waves will, so to 
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speak, catch on to it more or less. Then the guidance will be 
the sea on one side and the upper layer on the other.' 

This narrative makes no attempt at rendering a complete 
picture of the work during a very long life of one of England's 
most powerful interpreters of physical phenomena. But it 
would be even more woefully incomplete if, as a fitting post- 
script, it were to omit a recital of many of the happy and humor- 
ous thoughts and ideas which brighten the 2,700 pages, in fine 
print and rife with mathematical formulas. Readers would have 
ground for not forgiving me if I were to withhold from them 
gleanings so interesting and so picturesque and clear that even 
those who care nothing for mathematical treatment of physical 
phenomena would enjoy these five volumes. James Swinburne, 
reviewing in Nature for Dec. 20, 1894, the first volume of the 
''Electromagnetic Theory," says, toward the close: "The style 
is that of Whitman, except that Mr. Heaviside is not affected 
and has something to say. The similarity is also noted in the 
Philosophical Magazme. Every line of the book is important, 
and it is full of interesting digressions on all sorts of subjects. 
Though the converse may not be true, all clever men have a 
sense of humor, and it is therefore a pity that scientific writers 
emulate the ponderous dryness of the theologian. Mr. Heavi- 
side's work bristles with humor of a type which he has invented." 

As readers might like to check quotations from Heaviside's 
works, I shall designate the Electrical Papers by E. P. and the 
"Electromagnetic Theory" by K. M. T., and our first quotation 
shall be from Storage Room Is Too Valuable (E. M. T., II, 433). 
"For the benefit of the uninitiated, I should explain that El. Pa. 
means my own Electrical Papers, They can be picked up cheap, 
because the remainder was sold off in quires for a few pence per 
volume, on account of the deficiency in storage room. Though 
somewhat vexed at first by this disposal of my labored lucubra- 
tions, it has later, given me and others occasion for much laugh- 
ter" (E. M. T., Ill, 93). "Note (Nov. 30, 1887).— The 
author much regrets to be unable to continue these articles in 

'Electromagnetic Theory,” Vol. Ill, p. 336, June, 1902; see, also 
Kennelly, a. E., Electrical World Engineer , Mar. 15, 1902, p. 473, 
where a prior announcement is made of the probable existence of such a 
layer. 
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fulfilment of See. XI, having been requested to discontinue 
them'^ (E. P., II, 155). 

Now these are the papers which have since been unobtainable. 
They have sold at $75 for the two volumes and they made desir- 
able a photographic reprint which is now available. It is cer- 
tainly a bit of humor that the inventor of long-distance telephony, 
while he was explaining his invention, was asked by his publishers 
to stop. Fortunately for the telephone, the gag was removed 
after a little time. 

Under perpetual irritation from the leading mathematical 
rigorists of ("ambridge, who did not read his work but condemned 
it, he wrote, “Whether good mathematicians, when they die, go 
to (Cambridge, I do not know’’ (E. M. T., Ill, 175). In discuss- 
ing Lagrange’s eejuations and the principle of least action, he 
says, “Truly, 1 have never practiced it myself (except with pots 
and pans) ...” (E. M. T., Ill, 175). “If it is love that makes 
the world go round, it is self-induction that makes electromag- 
netic waves go round the world” (E. M. T., Ill, 194). In regard 
to Lagrange’s equations, he says: “Is not Newton’s dynamics 
good enough? Or do not the Least Actionists know that New- 
ton’s dynamics, viz,, his admirable Force = ( -ounterforct* and 
the connected Activity principle, can be directly applied to con- 
struct the equations of motion in such cases as above referred to, 
without any of the hocus-pocus of departing from the real motion, 
or the time integration, or integration over all space, and with 
avoidance of much of the complicated work? It is against its 
misuse that I write” (E. M. T., Ill, 176). “When I was a 
young child I conceived the idea of infinite series of universes, 
the solar system being an atom in a larger universe on the one 
hand, and the mundane atom a universe to a smaller atom, and 
so on” (E. M. T., Ill, 172). “ . . . Faraday . . . that great 

genius had all sorts of original notions wrong as well as right and, 
not being a mathematician, could not effectually discrimi- 
nate ...” (E. M. T., I, 415). “Some do not believe in the 
materiality of the ether. This view is thoroughly anti-New- 
tonian, anti-Faradaic, and anti-Maxwellian. What mean action 
and reaction, the storage of energy, the transit of force and energy 
through space, etc., if there is no medium in space? For space 
is nothing at all, save extension. Lord Kelvin used to call me 
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a nihilist. That was a great mistake, (though I did throw a 
bomb occasionally, to stimulate an official humbug to learn 
something about electricity and how to apply it) ... I have 
observed repeatedly that young to-be physicists, when they 
leave college, are full of generalized coordinates, and the theory 
of functions, and unnatural spaces, and rigor; but when they 
become thoroughly immersed in real physics, even though math- 
(‘inatical, a lot of th(‘ learning referred to fades away. Is Cam- 
bridge to blame? Perhaps not. It may be my fault (K. M. T., 
Ill, 479). 

‘^They are purely plain waves . . . They are merely guided 
through space in a definite manner by the conductors, imagined 
to have no resistance, so that, to use a wry gross simile, the 
electricity slips along like greased lightning’^ (10. P., II, 140). 
‘^Infinity immeasurable but not un-measurabUr* (10. M. T., II, 
1 13). “Self-induction is salvation” (E. M. T., II, 354). “Phys- 
ics is above mathematics and the slave must be trained to suit 
the master’s convenience” (E. M. T., II, 414). “Most solutions 
of problems in mathematical physics are in the form of infinite 
series. Finite solutions are quite exceptional” (K. M. T., II, 
06). ^^Ixt mathematics be humanized, if possible. The best 
of all proofs is to set out a fact descriptively so that it can be seen 
to be a fact” (E. M. T., Ill, 140). ‘‘My authority for Newton 
is that stiff but thorough-going work, Thomson and Tait” 
(K. M. T., Ill, 178). “There is room in the ether for much 
speculation” (E. M. T., Ill, 98). “But I think a rigid and 
incompressible ether is an exceedingly difficult idea” (E. M. T., 
Ill, 145). “Lord Kelvin’s thermoelectric theory has always 
appeared to me one of his best works” (K. M. T., Ill, 183). 
“But perhaps like the fishes who were preached to by the saint, 
‘Much edified were they but preferred the old way’ ” (E. M. T., 
Ill, 291). 

Excerpts from Heaviside’s Letters to the Author. — “I think 
honors have been very much overdone. The more honors the 
less value. It is depreciating the currency. Of late years there 
has been a perfect flood of new honors, and even the women 
have caught the plague.” 

“If I were offered a Dukedom, I might take it, having already 
an estate, properly mortgaged up to its full capacity, and I 



208 HEAVISIDE'S OPERATIONAL CALCULUS 

should think I was doing the tribe of Dukes an honor by joining 
it.” 

“You do not take notice of my ‘heavify’ and ‘heavification’ 
idea. Perhaps you thought it only a joke.” 

“But there is rather a funny notion prevalent that an invention 
is not an invention unless it is patented, and then it is the pat- 
entee’s invention.” 

“I want to get on with volume 4 of E. M. T. and may be 
able to do it bye and bye. It is a question of health and free- 
dom from disturbance and petty worries ... It is slow work 
for an old man in any case.” 

The war came and with it much hardship and suffering for the 
aged scholar. Let us keep the gaze of the world from the last 
years of the master. At last the great light went out. Sic 
pereai gloria mundil 



BIBLIOGRAPHY 


Hjohg, E J.: ‘‘ Hoavisido’s Operators in Eiigiiicoring and Physios,” J. 
Frankliu Inst , vol 19S, pp. (347-702, NovoinbcT, 1924 

, S .1 Haefnkii, and J. J. Smith: “Asymptotic Solution of Heaviside’s 

Fractional Operators," J. Franklin Inst. February, 1928. 

Bernstein and Doetsch: “Problem aiis der Theone der Warnudeituiig," 
Math Zexl., 22, 192.5, j). 284. 

Bloemsma, .j., and H Bitkch: “On an Apphcation of the Penodograin 
to Wireless Tel(‘i;raphv,” Phil Ma<j , vol 19, F(*bruary, 192,5. 

Breisig, F. : “Theon*1isch(‘ Telep;raphie." 

Bromwic'ii, T .1 I’A • “Examples of Operational M(*thodsin Mathematical 
Physics," Phil Maij. vol. 37, pp. 407-119. 

: “Normal (’oordinates in Dynamical Systems," Proc. Ijontian Math. 

Sac., senes 2, vol 1.5, pp. 4oi-448, 1910. 

: “Symbolical M(*thods in the Th(‘ory of (induction of Heat, ’ 

Proc Cambridge Phil Noc , vol. 20, part 4, pp 111 127,1921. 

Burch, 11 and ,1. Bloemsma: “On an Application of the Periodogram to 
Wireless Telegrajihv,” Phil. Mag. vol. 49, February, lt)2,5. 

Bush, V.: “Note on 0])erational (Calculus,” MIT Research Bull. 41. 

: “Oscillating-curnnit ("ircuits by the Method of Generalized Angular 

Velocities," ,/. Am. Inst Elec. Eng f vol. 3(5, pp. 207-234, 1917. 

. ^‘Transmission Line Transients,” M.I.T. Research Bull. 40. 

: “Operational Circuit Analysis,” .lohn Wiley & Son, Inc., 1929. 

(’ampbell, G a.: “Phy.sical Theory of the Electric Wave Filter,” B.S.T J. 
vol. 1, Noveinlier, 1922. 

: “Electric Wave Filters," Patents 1227113 and 1227114. 

: “Gisoidal Oscillations,” Trans Am. Inst. Elec. Eng.^ vol. 30, pp 

873-909, 1911. 

. lx)aded Lines in Telephonic Transmission,” Phil. Mag.^ March, 

1903. 

Carson, J. R.: “The Heaviside Operational C-alculus,” B.S.T.J.y Novem- 
ber, 1922. 

: “The Heaviside Operational Calculus,” Bull. Am. Math. Boc., vol. 

31, No. 1, January-February, 1926. 

: “On a General Expansion Theorem for the Transient Oscillations of 

a Connected System,” Phgs. Rev., vol. 10, pp. 217-225, September, 1917. 

: “Selective Circuits and Static Interference,” B.S.T. J., vol. 4, No. 

2, pp. 265-279, April, 1925. 

: “Theory of the Transient Oscillations of Electrical Networks and 

Transmission Systems,” J, Am, Inst, Elec, Eng,, vol. 38, pp. 345-427, 
1919. 


209 



210 


HEAVISIDE'S OPERATIOSAL (WLCULUS 


(^•AHsox, J. R : “Theory and Caleiilation of Variable Electric Systenif^,’’ 
P////.V. Rci\y vol. 17, pp. 110-134, Febmary, 1921 

. “ Building Up of Sinusoidal (\irrentH in Ixing Periodically Loaded 

Lines,” B.S.T J.^ vol 3, No 4, October, 1924 

: “Die* Behandliing der Telegrapheiigleicliung (aiicli unler Bemck- 

siclitigiing der Stroinverdrangung) naeli der OpeiatoreniiKMbode,” 
ENT., Band 2, Heft 11, 1925. 

and O .1 ZoBisn: “Transient Oscillations in Electric Wave Filters,” 
B.STJ , June, 1923. 

: “Eloctnc C'lrcuit Theory,” McCJiaw-Hill Book Uoiiipanv, Inc., 

1926. 

C^ASPEU, L. : “Zur Forniel von TTeaviside fur Kiiischalt vorgangi*,” Archtv. 
ElektroU'vhmk, vol 15, p. 95, 1925 

Davio, Pikkue* “Essai sur la Tlimrie des Fill res Elect ruiiies,” L'Onda 
Elcctriquc, p. 5, January, 1926; p 72, Februar\', 192<) 

Dk^sdale, ('. Y. : “The Theory of Alternate (hincnt Traiisniissioii in 
enables,” Elvctriaan, vol. 60, pp. 277-271); 31(> 319; 35S-359; 392-394; 
468-469. 

Evans, G. C : “Functionals and Their Applications,” Ain. Math Soc , 
Cambridge Colloquium, vol. 5, 1918; “Diseontiimous Dirichlet ami 
Neumann Problems,” Am. Math Soc., Colloquium Puhlicahom, (i, 

1927. 

Fry, T. C.: “The Solution of Chreuit Problems,” Phya. Rev, vol. I, pi> 
115-136. 

: “The Application of Modern Theories of Integration to the Solu- 
tion of Differential Equations,” Arm Math , vol 22, No 3, March, 
1921. 

Giorgi, G • “Sul Galcolo delle Soluzioni Fiinzionah Originate dai Problem) 
di Elottrodm arnica,” Associazione Elettrotecnica Italiana, Ealratto 
daglio Atti, vol. 9, pj). 651-699, ltK)5. 

: “III Metodo Siiiibohco ncllo Stmlio delle Correnti Vaiiabih,” 

Associazione Elettrotecnica Italiana, Eatr'oilo druflw Atti. 

Heaviside, O : “Electromagnetic Theory,” vols 1, 2, 3. 

IIeklitz, Ivar: “Erzougung von Stationaren Magnetfeldern in einen 
Elektrisch Leitenden Material,” Arkiv. Mat., Astnm. Fysik, vol. 14, 
Nov. 22, 1919. 

Johnson, K. S.: “Tiansmission Circuits for Telophonu! CJoniniunication.” 

, and T E. Shea: “Mutual Inductance in Wave Filters with an 

Introduction on Filter Design,” H.S.T.J., January, 1925. 

KiiPFMtTLEBU, Iv. : “ Storuiigsvermiiiderung (lurch selektive Shalt-mittel 
beim drahtlosen Enipfang,” E N.T., Band 3, Heft 3, 1926. 

: “Uber Einschurnvorgangc in Wellenfilteni,” E.N.T., Band 1, 

Heft. 5, 1924. 

Langb, Ch.: “Th4orie des Filtres Electriques,” Ann* dea Poatea, T^Ugraphn 
et Tiliphonea, pp. 1256-1292, October, 1923. 

Levy, P.: “Lecons d’Analyse Fonctionnelle,” Gauthier, Paris, 1922. 

Malcolm, H. W.: “Theory of the Submarine Telegraph.” 



BIBLIOdEAPrir 


211 


Moeller, F. : *‘Dio Abflaohuiig stoilor Wolloristirnon iintor norucksichti- 
gung der Strom verdrangung im L(Ml.or,” Archtv. EU^ktrotechniky vol. 
15, 6 Hoft, 1926. 

Nichols, II. W.: “Thc'ory of Variable Dynamical Electrical Systems,” 
Phya. Rev., vol. 10, No, 2, August, 1917. 

Peters, L. J : “Tlieorv of Electric Wave Filters Built Up of Coupled C^ir- 
cuit El(‘in(‘Tits,” Trnas. Atn. Inst. Elec. Enq., vol 62, p. 9S, 1923. 

Pir\Ki), E : “Sur la Distribution de L’Elect licit e av(*c la Loi de Neumann 
et sur la Tlu'orie Analytique dc la Chalinir,” Rendiconlt del Circolo 
Mate matin) Palermo, 37, 1914, p. 249. 

Pierce, G . W. : “Electric Waves,” or “Electric Oscillations and Electric 
Waves,” book 2, C''haps. L-IX, pp. 347-434. 

Pleijel, H.: “Allmanna egenskaper hos eft System Parallella Ledningar 
mod Variabla Koiistanter,” Sknfter Utgivna med Anledning av 
Inflyttningen i de Ar, 1917, Fardiga Nybyggiiaderna. (Reprint.) 

: “Om Berakning af Ofverspanningar,” I'e.knisk Tuis , pj). 50-56, 

April, 1914. 

: “Strom och Spanning hos ett System Parallcdla Ledningar,” 

Teknisk Tids., pp. 105-108, .hdy, 1919. 

: “ Vandringsv&gor och deras Formforandringar under Fortplantnin- 

gen Utefter Ledningan,” Teknisk Tids., pp. 129-137, November, 191S 

Pleijel, II , and R. Liljeblad: “Operatorkalkylens Samband m(»d den 
Svmboliska Metodcii,” Teknisk Tids., pp. 25-33, February, 1919. 

PoLLACZEK, F.: “Das Einschalt problem fur homogene Kabeln bei beliebiger 
Endschaltung,” E.N.T , Band 1, TIeft 3, 1924. 

: “Theorie der Einschaltvorgange des vielgliedrigcii Kiinsthchen 

Kabels,” E N.T., Band 2, Heft 7,1925. 

PoMEY, .1. B. : “Ia' ('’illcul Symbolique d’TIeaviside,” Rev. gen elec., vol 13, 
pp. S13-S15, 860- 863, May, U)23. 

: “Analogies MecaiiKiues de L’lOh'ct licit e,” Bihliothegue des Ann, des 

Pastes, TeUgraphes et TeU' phones, 1921. 

PiTPiN, M. I.: “Propagation of Ixing Electric Wavi's,” Trans Am. Inst. 
Elec. Eng., p. 93, 1890. 

: “Wave Propagation over Non-uniform C’ables,” Trans Am Inst 

EUc. Eng., p. 445, 1900. 

Salinoeh, II.: “Die Ileavisidesche Operatorenrechniing,” E N.T., vol. 2, 
pp. 365-376, November, 1925. 

Sieobahm, Manne: “Elektromagneti.sche Wellen in Spulen, mit Windung- 
skapazitat.” Archtv. Elektrotechnik, vol 4, pp. 305-313, 1916 

Smith, J. J.: “An Analogy between Pure Mathematics and Operational 
Mathematics of Heaviside by Means of tlie Theory of H-functions,” 
J. Franklin Inst., pp. 519-534, October, 1925; pp. 635—672, Novomlier, 
1925; pp. 775-814, December, 1925. 

: “The Solution of Differential Equations by a Method Similar to 

Heaviside’s,” J. Franklin Inst., vol. 195, pp. 815-850. 

Steinmetz, P. : “Theory and Calculation of Transient Electric Phe- 
nomena and Oscillations.” Mc(lraw-Hill Book Company 



212 


HEAVISIDE'S OPERATIONAL CALCULUS 


Steinmktz, C. P.: ‘^Theory and Calculation of Electric Circuits,” Prnr. 
Am. Inst. Elec. Eng., March, 1910. 

Vallarta, M. S.: "Heaviside’s Proof of His Expansion Theorem,” Proc. 

Am. Inst. Elec. Eng., vol. 65, pp. 383-387, April, 1026. 

Wagner, K. W.: ‘‘ElektromaRnetischc AusKleichsvorgaiiKc in Freileiturifijen 
und Kabeln.” 

: " eine Foiincl von Heaviside zur Herechnung von Einschalt- 

vorgange,” Archiv. Elektrotechnik, voJ -4, p. 150, 1016. 

"Der Satz von der WechseLseitigen Energie,” E.N.T , vol 2, pp. 

37(1-392, Novemlier, 1025. 

” Eloktrische Ketteiileiter und ihre Teehnisehen Anwenduiige,” 

E.T.Z., vol. 42, pp. 1200-1201, Nov. 10, 1021. 

: "Theorie des Kettenleiters,” Archiv. Elektrotechnik, j) 315, 1015. 

Wiener, N.: ‘‘The Operational Calculus,” Math. Annatcn, vol 05, Heft 4; 
also M.I.T., s(*ries 2, No. 100. 

ZoBEL, O. J. : “Theory and Design of Uniform and Composite Electric 
Wave Filters,” B.S.T.J , vol. 2, January, 1023 

: "Transmission Characteristics of Electric Wave Filters,” B.S.T J , 

October, 1024. 

, and J H C-arson: “Transient Oscillations in Electric Wave Filteis,” 

B.S.T.J., June, 1023. 



INDEX 


A 

Algoliraic (»qiia1ions, solution of, 1*10 
Asymptolic s(tic*s, 124 
nuinoncal cxaniplo, 1311 

H 

Battery irisc*rte(l in traiiMnission 
line, 103 

Behreml, H. A., 173 
Bc'ssel’s function, (>5 

C 

("able “ld(5al,” discliarj^e, 1 1 1 
indefinitely long, 85 

connected to alternator, 120 
with cond(‘nser at battery, 129 
with inductance at battci>, 131 
open circuited, 70 
‘^liort circuited, 79 

and eonnected to alternatoi, 
82 

suddenly grounded, 81 
with condenser at receiving tuid, 
91 

with iinpedaiic.c, at receiving end, 
98 

with resistance at receiving end, 
98 

("ondenser, charge on middle plate, 
25 

("on jugate roots, treatment of, 38 
I) 

Dandelin, G., 140 
Duhamels integral, 07 


E 

Kncke roots, 141 
Expansion theorem, 15 

used with inductive circuit, 20 
multiple circuit, 23 
resistance* and cajiacity, 21 
whe*n some roots are* e*(jual, 34 
ze‘re), 31 

F 

Factorial gone‘ralize‘el, 1 18 
Feirimilae that are* use*ful, 104 
Fourier seric*s wave* shape*s e'xpre\sse*el 
in, 109 

Fractional elilTerentiatiein, 115 
G 

Grae'fTe*, (" II., 140 
( lre»ens function, 1 10 

11 

Haefner, S. .)., 124 
Hamlin, K. W., 124 
Heat line*ar flow eif, 135 

K 

Kelvin, 121 
Kennel ly, A I*] , 24 

M 

m 

Mc'chanical problems, 44 
Mutual iiieUictance preiblems in veil v- 
ing, 40 


213 



214 


HEAVISIDE'S OPERATIONAL CALCULUS 


Opomlional solution, applied to inul- 
tiplp circuit, 13 
(l(*rivc(l from infinite series, 3 

OpiM-Jitors for ln|»ononietne func- 
tions, 29 
list of, 104 

r(*sistance, induct anee :ind cajiae- 
ily oi)erators, 12 

P 

Pennell, \V. O, 124 

S 

SiTies conver^iiiK and asymptotic, 
124 

“Sliiftiiift,” 01 

Sino wave impressed on inductive 
circuit, 3(1 

Smith, J. J., 0, 110, 124 

Switching, closing a switch, 49 
opening a switch, 57 
short circuiting a network, 42 

T 

Transcedental eipiations solution 
of, 140 

'rransniission lino, hatterv in line, 
103 


Transmission line, general equations, 
73 

open line, 74 
j)omt charge on line, 105 
short eireuit(‘d line* 75 
v(*iT short line, 94 
with constants 132 

\\ifli constants SO 

with impedance at seqding 
and receiving end, S9 
lines, combination of s(*veral lines, 
107 

indefinitely long, S5, 120, 120, 
129, 131, 132 

two hues in series joined by 
impedanee, 100 
shunted by impedance, 99 

r 

Tnit function, definition, 2 
difference between E and El \, 3 
importance of including it m 
equations, 9 

V 

Vector r(‘pres(‘nta1ion when p = 

W 

Waveshapes, 109 










